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ABBREVIATIONS AND SYMBOLS  

Symbol Explanation Unit 

η Dimensionless elongation parameter - 

φ Volume fraction - 

ε Porosity - 

ev Void fraction - 

Vgrains Volume of grains m³ 

Vtotal Total volume m³ 

Vempty Volume of voids m³ 

a Major axis length m 

b Intermediate axis length m 

c Minor axis length m 

V Object's volume m³ 

S Actual surface area m² 

Sn Nominal surface area m² 

eyx Elongation parameter (b/a) - 

ezx Elongation parameter (c/a) - 

ezy Elongation parameter (c/b) - 

mi Mass of particle i kg 

νi The translational velocity of particle i m/s 

t Time s 

Fij
n Normal force between particles i and j N 

Fij
t  The tangential force between particles i and j N 

g Gravitational acceleration m/s² 

Ii Moment of inertia of particle i kg*m² 

ωi The rotational velocity of particle i rad/s 

Ri The vector from the centre of particle i to the contact point m 

τij
r  Rolling friction torque between particles i and j N*m 

µr Coefficient of rolling friction - 

ω̂i Unit angular velocity of particle i rad/s 

Ri The radius of particle i m 

Rj The radius of particle j m 

ri Position of particle i (centre) m 

rj Position of particle j (centre) m 

νi The velocity of particle i m/s 

νj The velocity of particle j m/s 

nij  The normal unit vector between centres of particles i and j - 

νij Relative velocity between particles i and j m/s 

νij
n Relative velocity in the normal direction m/s 

νij
t  Relative velocity in the tangential direction m/s 

t̂ij Tangential unit vector - 

kn Normal stiffness N/m 



kt Tangential stiffness N/m 

ηn Normal damping coefficient Ns/m 

ηt Tangential damping coefficient Ns/m 

µs static Friction coefficient - 

δij
n Normal displacement m 

δij
t  Tangential displacement m 

νij
s  Slip velocity m/s 

µ Friction coefficient - 

µr Coefficient of rolling frictions - 

E* Equivalent Young's Modulus Pa 

R* Equivalent radius m 

m* Equivalent mass m 

Sn Normal contact stiffness N/m 

ψ Damping ratio coefficient - 

Fij
n Normal force N 

Fij
t  Tangential force N 

St Tangential contact stiffness N/m 

e Coefficient of restitution - 

G* Equivalent shear modulus Pa 

Di Displacement of the vibration desk m 

A Amplitude m 

ω Frequency rad/s 

t Vibration time s 

ϕ₀ Initial phase angle rad 

R Average particle radius m 

G Particle shear stiffness Pa 

υ Poisson's ratio - 

TRayleigh Rayleigh time s 

ρ Density kg/m^3 

Crp Coefficient of restitution for particles - 

Crw Coefficient of restitution for walls - 

μ0p Coefficient of static friction for particles - 

μ0w Coefficient of static friction for walls - 

μrp Coefficient of rolling friction for particles - 

μrw Coefficient of rolling friction for walls - 

S Displacement mm 

f Vibration frequency Hz 

t Vibration time s 

Φ Primary phase - 

ρ Packing density - 

Vp Volume of particles m^3 

Vc The volume occupied in the container m^3 

mp Mass of particles kg 

ρp The theoretical density of particles kg/m^3 

H̅ Mean height of packing structure m 



D The inner diameter of the container m 

φ Internal friction angle Degrees 

τ Shearing stress Pa 

σ Normal stress Pa 

N Normal load N 

TAR Shear load with respect to Aspect ratio pa 

TSI Shear load with respect to size index pa 

VSPH Volumetric Strain with respect to Sphericity index % 

VSI Volumetric Strain with respect to size index % 

c11 model parameter - 

c12 model parameter - 

c21 model parameter - 

c22 model parameter - 

c31 model parameter - 

c32 model parameter - 

c33 model parameter - 

c41 model parameter - 

c42 model parameter - 

c51 model parameter - 

c52 model parameter mm^-1 

τ Characteristic time of the process s 

ρi Initial packing density - 

ρf Final packing density - 

ρ(t) Time-varying particle packing density - 

ρ(A) amplitude-varying final packing density of wheat - 

Abbreviations  

DEM Discrete Element Method 

SST Simple Shear Test 

AR Aspect Ratio 

SI Size Index 

TPSI Triple Particle Size Index 

SPH Sphericity Index 

FEM Finite Element Method 

SPHy Smoothed Particle Hydrodynamics 

PFEM Particle Finite Element Method 

ODE Ordinary Differential Equation 

GUI Graphical User Interface 

CAD Computer-Aided Design 

CFD Computational Fluid Dynamics 

AI Angularity Index 

NGI Norwegian Geotechnical Institute 

HCA Hollow Cylinder Apparatus 

RLP Random Loose Packing 

RCP Random Close Packing 

3D Three-dimensional 

Amp. Amplitude 



EDEM Software for Discrete Element Method Simulations  
HMN Hertz Mindlin No-Slip 

kPa Kilopascal 

Hz Hertz 

RPM Revolutions Per Minute 

mm Millimeter 

g Gram 

R2 Coefficient of determination 

CN Coordination Number 

PMMA Polymethyl Methacrylate 
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1 INTRODUCTION, OBJECTIVES  

1.1 Introduction  

The Discrete Element Method (DEM) is a powerful numerical technique that simulates the 

behaviour of granular and particulate materials. Initially developed in the 1970s (Cundall and 

Strack, 1979), DEM has become a widely used tool in various fields, including geomechanics, 

civil engineering, pharmaceuticals, and food processing. The method operates by treating each 

particle as a discrete entity with its behaviour, considering its size, shape, and interactions with 

neighbouring particles and external loads (Richards et al., 2004). This results in a highly accurate 

and detailed representation of the complex behaviour of granular materials, including particle-

particle interactions, bulk flow, and failure mechanisms. The advantages of DEM include its ability 

to capture the heterogeneity and anisotropy of granular materials, the possibility of investigating 

particle-scale phenomena and predicting macroscopic behaviour, and the potential for optimising 

processes and designs in various industries (Jing and Stephansson, 2007; Qi et al., 2015; Wang et 

al., 2022). Despite its widespread use, challenges and limitations exist in DEM, such as the 

computationally expensive nature of simulations, the need for accurate calibration of input 

parameters, and the difficulty of modelling complex geometries and boundary conditions. 

Nevertheless, the potential benefits of DEM in advancing our understanding and engineering of 

granular materials make it a promising and exciting area of research. 

Additionally, The Simple Shear Test (SST) is a commonly used experimental technique for 

evaluating the mechanical behaviour of granular materials under shear loading. The SST involves 

the confinement of a sample of particles between two parallel containers and the translation of one 

container horizontally concerning the other, which produces a shear strain within the sample. The 

resulting stress-strain curve can provide valuable insights into the frictional and rheological 

properties of the material, which are crucial for predicting its behaviour in various engineering 

applications. However, the accuracy and reliability of SST results depend on several factors, 

including particle shape, size, surface properties, sample preparation, and testing conditions. 

Numerous studies have highlighted the significant effect of particle indexes, such as size 

distribution, shape factor, angularity index, sphericity index, and surface roughness, on the SST 

results. For instance, (Altuhafi et al., 2016) found that the coefficient of friction measured in SST 

increases with the shape factor of particles and decreases with particle size. 

Similarly, (Danesh et al., 2020) investigated the influence of the angularity index and sphericity 

index on the shear strength of the ballast layer and the formation of a shear band using discrete 

element methods. Furthermore, (Kodicherla et al., 2019) examined the impact of the dimensionless 

elongation parameter (η) on the direct shear behaviour of granular materials using DEM. Similarly, 

(Kodicherla et al., 2019) reported that the degree of particle crushing and the evolution of particle 

size distribution during SST significantly affect the shear strength and deformation behaviour of 

sand samples. However, a detailed investigation of the specific effect of each particle index on 

SST is still lacking. 

Furthermore, The efficient packing of granular materials has significant applications in various 

fields, from food processing and pharmaceutical manufacturing to civil engineering and geology 

(Chatham et al., 2019; Chen et al., 2020; Bharathi and Sampath kumar, 2022). Achieving higher 

packing densities than those attainable with mono-disperse cylindrical or spherical particles alone 

is a subject of ongoing research interest. To this end, mixed particle systems, such as combinations 

of cylinders and spheres, have been investigated through numerical simulations and experimental 

studies, demonstrating their effectiveness in achieving denser packing (Qian et al., 2016; Zhao et 

al., 2019; Fitzgerald et al., 2020). 

However, the complex interplay between particle shape, size, and surface properties, as well as the 

influence of external factors such as mechanical vibration and applied stress, make the 
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optimisation of mixed particle packing a challenging and multi-disciplinary task. In recent years, 

research has focused on the factors that influence the packing density of mixed particle systems or 

binary mixtures based solely on diameter considerations (Zhao et al., 2019; Kiełbasa et al., 2021) 

or centred on the combination of spheres and fibres with a high aspect ratio (Wang et al., 2021), 

with a particular focus on cylindrical particles due to the wide use in practical and industrial fields 

(Zhang et al., 2015). However, the combined effect of mechanical vibration and normal stress on 

wheat packing density has not been explored through practical experiments and advanced 

analytical techniques. 

Therefore, the present thesis aims to contribute to a better understanding of the factors that 

influence the packing density of mixed particle systems by employing practical experiments and 

advanced analytical techniques, with a particular focus on wheat particles by studying the 

combined effect of mechanical vibration and normal stress by identifying the optimal conditions 

for achieving high wheat packing density. This study seeks to identify the optimal conditions for 

achieving high wheat packing density and develop strategies to improve the accuracy and 

reliability of such measurements. Additionally, this study aims to investigate the specific effect of 

particle shape, including sphericity index SPH, Aspect Ratio AR, Size Index and Triple Particle 

size index TPSI, on the SST results for granular materials, where the SPH and AR dealing with the 

particles shape and the SI and TPSI deal with the particles size. By applying advanced analytical 

techniques, "DEM simulations", to investigate the influence of particle indexes on the macro-

mechanical properties of granular materials under SST. The study involves varying particle size 

by increasing and decreasing the size index, adjusting the double particle clump size by 25% and 

50% and manipulating the shape index by forming elongated particles from a clump initially 

formed as a complete sphere. The research will measure several parameters, including volume 

strain, stress-strain, the thickness of the shearing zone, coordination number, and particle rotation, 

to determine their correlation with each particle index. 

This study aims to contribute to a comprehensive understanding of the mechanical behaviour of 

granular materials under shear deformation, with implications for various fields such as civil 

engineering and geology. By investigating the behaviour of granular materials and wheat particles 

under different conditions, the study provides valuable insights into their behaviour and offers 

practical implications for industries. Additionally, the study focuses on improving the accuracy 

and reliability of wheat packing density measurements, offering strategies to enhance 

measurement techniques. Furthermore, the research strives to strengthen the understanding of the 

mechanical behaviour of granular materials, thereby facilitating the optimisation of industrial 

processes involving such materials. Overall, this study encompasses a broad range of objectives, 

methods, and significant results, shedding light on the mechanical behaviour of granular materials 

and their practical applications across various industries. 

1.2 Objectives  

Due to their widespread use in various industrial applications, granular materials are paramount in 

understanding their mechanical behaviour. This study investigates the influence of critical 

parameters, such as sphericity index, particle size, and mechanical vibrations, on the behaviour of 

granular materials under different conditions. By exploring these factors, this research aims to 

provide insights that contribute to a comprehensive understanding of their behaviour and offer 

practical implications for optimising industrial processes and achieving optimal packing density. 

1. Investigate the influence of particles' Sphericity index (SPH) on the Simple Shear Test 

(SST) outcomes for granular materials. 

2. Examine the impact of the double particle Size index (SI) on the results of the SST for 

granular materials. 

3. Explore the effect of the triple particle size index (TPSI) on the Simple Shear Test (SST) 

outcomes for granular materials. 
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4. Investigate the synergistic impact of mechanical vibration and normal stress on wheat 

particles' packing density, aiming to identify optimal conditions for achieving high packing 

density. 

5. Provide comprehensive insights into the mechanical behaviour of granular materials and 

wheat particles across diverse conditions, contributing to an improved understanding of 

their behaviour. 

The research objectives converge to enrich our understanding of granular materials' mechanical 

behaviour significantly, offer insights into optimising industrial processes, and propose practical 

solutions for enhancing measurements and achieving high packing density in mixed particle 

systems. By systematically investigating critical parameters like sphericity index, particle size, and 

mechanical vibrations, this research aims to bridge the gap between theoretical knowledge and 

practical application, ultimately contributing to advancements in various industries. 

2 LITERATURE REVIEW  

2.1 Introduction to Granular Materials 

Granular materials are abundant in nature and often used in industry, where they are the second 

most used material, only surpassed by water (Richard et al., 2005). In the chemical industry, it has 

been estimated that about one-half of the products and three-quarters of the raw materials are in 

granular form (Nedderman, 1992). Granular materials are an essential part of the pharmaceutical 

and agricultural industry, where, e.g., the processing of powders in the manufacture of pills and 

the transportation of grains, seeds and fertilisers are essential processes. Alternatively, in the 

powder metallurgy industry, components are manufactured by compacting granular materials in 

metal powder mixtures Components, whose quality is affected to a large extent by the handling of 

the loose powders (German, 1994; Zenger et al., 1997). 

Furthermore, granular materials are handled on a large scale in the mining and mineral processing 

industry. It has been estimated that the industrial handling and processing of granular materials 

consumes about 10 % of the world's energy (DeGennes et al., 2000). Thus, strong economic and 

environmental incentives exist for increased efficiency in handling and transporting granular 

materials. Despite their substantial importance in industry and nature, the mechanical behaviour 

of granular materials remains challenging to predict. 

A granular material comprises many individual particles, regardless of the particle size 

(Nedderman, 1992). Granular materials thus span over a wide range of varied materials, from 

powders consisting of particles of micrometre size to piles of large rocks. The particle size and 

shape are essential properties, and granular materials are often classified on this basis. Different 

classification systems exist, depending on the field of engineering. One such classification system 

based on the mean particle size was provided by (Richards, 1966) and is shown in Table 2.1 as 

presented by (Nedderman, 1992). The particle size is often mentioned as the single most important 

property, and choosing a suitable dimension to measure the particle size is essential if the particles 

are non-spherical. A standard convention is to use the equivalent spherical diameter, the diameter 

of a sphere of the same volume as the particle (Danesh et al., 2020; Talafha and Oldal, 2021). The 

fines in a granular mass can substantially affect its behaviour; thus, a classification based solely 

on the mean particle diameter is oversimplified. Hence, it is often necessary to also consider the 

particle size distribution.  
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Table 2.1. Classification of granular materials based on the mean particle size, as outlined by 

(Nedderman, 1992). 

Particle Size Range Unit Materials Name 
Name Of Individual 

Component 

0.1 – 1.0 µm Ultra-fine powder Ultra-fine particle 

1.0 – 10 µm Super-fine powder Super-fine particle 

10 – 100 µm Granular powder Granular particle 

0.1 – 3.0 mm Granular solid Granule 

3.0 – 10  mm Broken solid Grain 

It is expected to categorise granular materials as either cohesive or non-cohesive. In a coherent 

granular material, the individual particles tend to stick together. The cohesive force between the 

particles can have various origins, such as van der Waals, liquid-induced (capillary), and 

electrostatic forces. Interparticle forces usually become increasingly important with decreasing 

particle size. For particles larger than 100 µm, van der Waals forces are subordinate to gravitational 

and capillary forces (Seville et al., 2000). When determining the mechanical properties of a dry 

granular material with particles larger than approximately 100 µm, any interparticle forces are 

often neglected, and the granular material is assumed to be non-cohesive. In a non-cohesive 

granular material, gravity and friction between particles are supposed to govern the behaviour. 

The present thesis uses particle-based numerical methods to model a simple direct shear test. In 

this context, particle-based methods use particles as a discretisation unit in numerical methods. 

Particle-based modelling can be divided into two main approaches: discrete and continuum. In a 

discrete approach, each physical particle in the granular mass is modelled as a discrete particle. 

Newton's second law of motion combined with a contact model governs the behaviour of the 

granular mass. The discrete element method (DEM) is used in the discrete approach. 

2.2 Properties of granular materials 

2.2.1 Introduction 

Granular materials are a class of particulate materials that have properties distinct from those of 

bulk materials. They are composed of many discrete particles in contact with each other and exhibit 

complex behaviour due to the interactions between the particles. The properties of granular 

materials can be divided into macroscopic properties, which describe the overall behaviour of the 

material, and microscopic properties, which represent the behaviour of the individual particles. 

We will focus on their macroscopic properties, microscopic properties, and Classification. 

2.2.2 Macroscopic properties 

2.2.2.1 Bulk density  

Bulk density is a geometrical property that quantifies the mass of a powder assembly per unit 

volume. It reflects the arrangement of individual components within the assembly, influenced by 

their size, shape, and how they are assembled. Bulk density is subject to variation depending on 

the interplay between the particles and the void spaces between them, which can be affected by 

factors such as particle cohesion, granularity, and packing formation. 

Bulk density encompasses the equilibrium states of a powder assembly under different conditions. 

It can vary depending on the degree of compression it undergoes. For instance, a loosely piled 

heap of powder exhibits a lower bulk density due to increased air interstices. A compacted mass 

formed by squeezing the powder exhibits a higher bulk density, characterised by reduced void and 

increased fractional solids content. 

In practical terms, measuring bulk density is influenced by the arrangement of particles within the 

powder bed and the nature of its containment. The packing of grains, with their varying interactions 

and alignments, influences bulk density measurements. Variations in container size and the powder 
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pouring method can lead to different bulk density values. Consequently, accurate bulk density 

estimation requires measurements across various vessel sizes to approximate conditions in an 

effectively infinite vessel. 

However, it is essential to note that measuring bulk density for a given bulk solid bed presents 

challenges due to its sensitivity to disturbances. Even slight disturbances can lead to changes in 

bulk density, thus altering the bed's characteristics. Despite practical difficulties, several factors 

influencing bulk density measurements have been explored in the literature, with studies by 

(Hudson, 1947; DallaValle, 1948; Neumann, 1953) providing valuable insights. 

In essence, bulk density provides a quantitative means to understand how particles are arranged 

within a powder assembly, and its measurement is influenced by a combination of factors, 

including particle characteristics, packing formation, and measurement conditions (R. L. BROWN 

and RICHARDS, 1971). 

2.2.2.2 Volume Fraction and Porosity 

A key parameter in characterising granular materials' arrangement is the volume fraction, denoted 

as φ. This parameter is defined as the ratio of the volume occupied by the granular grains to the 

total volume encompassed by the packing. Mathematically, the volume fraction φ is expressed in 

Equation 2.1 as Vgrains divided by Vtotal: 

φ = Vgrains / Vtotal 
  

2.1) 

Notably, the volume fraction φ remains bounded by a limit of 1, signifying a scenario where the 

grains occupy the entire available space, as with perfectly stacked cubes. The academic literature 

introduces additional variables that gauge the compactness of the medium. Among these, the 

concept of porosity is prevalent in the porous media community. Porosity, symbolised in Equation  

2.2 by the symbol ε, signifies the ratio of the volume of voids to the overall volume: 

ε = Vempty / Vtotal = 1 – φ 
 

2.2) 

Porosity is highly dependent on the packing density of the particles and the size distribution of the 

particles. Porosity can be determined by measuring the volume of the voids in a known volume of 

the material (Jaeger et al., 2009). Porosity plays a crucial role in the mechanical behaviour of 

granular materials, especially in shear strength and compressibility. 

In soil mechanics, the void fraction (ev), as illustrated in Equation  2.3, emerges as a common 

term, representing the division of the volume of voids by the volume of solid matter: 

ev = Vempty / Vgrains = (1 - φ) / φ 
 

2.3) 

Stable configurations of packings, comprising granular particles with friction, exist within a finite 

range of volume fractions. Depending on how the packing is orchestrated, it can result in loosely 

packed (low φ) or densely packed (high φ) configurations. The volume fraction φ resides between 

a minimum value corresponding to the most loosely packed arrangement and a maximum value 

indicative of the densest possible packing (Andreotti et al., 2013). 

2.2.2.3 The angle of repose 

In the context of granular materials, it is a fundamental property that characterises the stability of 

a heap or pile of powder. It is defined as the maximum angle assumed by the free surface of a heap 

when it is at rest under specific conditions. This angle signifies the equilibrium between the 



6 

gravitational force pulling the particles downward and the frictional and cohesive forces between 

the particles preventing them from sliding down (R. L. BROWN and RICHARDS, 1971). 

There are distinct methods to determine the angle of repose, each revealing various aspects of the 

material's behaviour: 

• Poured Angle of Repose: This angle is established by pouring the bulk solid material onto a 

surface, allowing it to accumulate and naturally form a heap below the point of pouring. The 

poured angle of repose indicates the angle that the slope of the heap assumes when the 

material is continuously added from above. The process involves the interplay between the 

kinetic energy of falling particles and the dissipative and interlocking forces that resist the 

particles' movement. In this scenario, the particles are not only by gravity but also by their 

dynamic interactions. 

• Drained Angle of Repose: The drained angle of repose is determined by a different process. 

It involves the gradual emergence of a heap as the superincumbent powder is allowed to 

drain away past the periphery of a horizontal flat platform that was initially buried within the 

powder. This method provides insights into the material's behaviour in a quiescent state 

where the effects of ongoing dynamic processes are minimal. The drained angle of repose 

emphasises the balance between particle cohesion and friction under conditions of reduced 

agitation. 

These methods provide complementary information about the material's characteristics. The 

poured angle of repose reflects the dynamic behaviour of particles in motion, influenced by kinetic 

energy and interactions during pouring. In contrast, the drained angle of repose offers insights into 

the material's static behaviour, focusing on its inherent stability under quiescent conditions. 

In essence, the angle of repose is vital for understanding the behaviour of granular materials in 

various industrial processes and for predicting the stability of natural formations like dunes and 

soil slopes. It is a crucial parameter for designing hoppers, silos, and other storage and 

transportation systems involving particulate materials and for analysing the potential risk of 

avalanches or landslides in geophysical contexts (R. L. BROWN and RICHARDS, 1971). 

2.2.2.4 Stress-strain behaviour 

Granular materials exhibit non-linear stress-strain behaviour, characterised by a yield point and a 

peak strength, followed by a strain-softening behaviour. The yield point results from the micro-

scale mechanical interactions between the particles, while the strength of the individual particles 

determines the peak strength. The stress-strain behaviour of granular materials can be determined 

experimentally by applying a load to a material sample and measuring the resulting deformation 

or numerically using the discrete element method (Talafha et al., 2022). Several factors, such as 

the size and shape of the particles, the packing density, and the confining pressure, influence the 

stress-strain behaviour of granular materials (de Gennes, 1999). 

2.2.2.5 Discharge rate. 

The discharge rate is a pivotal determinant in the design considerations of agricultural equipment. 

Accurate determination of the discharge rate holds considerable significance as it can yield cost 

savings in the construction of new or re-engineered equipment associated with storage structures, 

such as silos (e.g., conveyor screws or conveyor belts). 
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Figure 2.1. Discharge rate speed of fluids and granular materials (Oldal and Safranyik, 2015) 

The outflow characteristics and discharge rate are contingent upon both the silo geometry and the 

mechanical properties of the stored material, including wall friction angle and internal friction 

angle. Owing to the distinct mechanical attributes of stored materials, the design of silos has long 

captivated the attention of researchers and process engineers. Pioneering studies on silo discharge 

were undertaken (Janssen, 1895; W. A. Beverloo, 1961; Johanson, 1965; Jenike, 1987). These 

scholars recognised the divergent nature of granular material discharge from Newtonian fluids 

Figure 2.1. While it is widely acknowledged that the outflow rate and velocity during fluid 

discharge vary with the liquid level, granular materials exhibit unique behaviour. In the case of 

granular materials, the discharge rate and velocity remain independent of the filling level of the 

container and, consequently, remain constant throughout the discharge process (Johanson, 1965). 

(Janssen, 1895) analysis further substantiated that the discharge velocity and rate of granular 

materials are unaffected by the filling level of the container, affirming that none of the discharge 

models are contingent upon the silo's filling level. 

2.2.3 Microscopic properties 

In the context of granular materials, particle size refers to the physical dimensions of individual 

particles that constitute the material. It is a fundamental characteristic crucial in determining 

various properties and behaviours of granular materials. 

2.2.3.1 Particle size 

The size of the individual particles in a granular material can significantly impact the material's 

properties. For example, smaller particles will have higher packing density and porosity. The 

particle size of granular materials can be determined experimentally using techniques such as sieve 

analysis or laser diffraction. According to (Santamarina and Cho, 2004; Altuhafi et al., 2016), the 

particle size of granular materials plays an essential role in the mechanical behaviour of granular 

materials, specifically in the flow properties. 

Scientifically, particle size can be defined as follows: 

Particle size pertains to the geometric dimensions of individual particles composing a material. A 

single parameter such as diameter suffices to represent particle size for spheres. However, for non-
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spherical particles, multiple descriptors are necessary, including attributes like length, breadth, or 

equivalent sphere-based parameters that capture behaviour akin to that of the particle under 

consideration. Various descriptors like equivalent sieve diameter, Stokes' diameter, and volume 

diameter can arise from different measurement principles and shapes. Granular materials typically 

comprise a distribution of particle sizes. This distribution can be quantified through size 

distribution based on particles' number, volume, or mass. Other options include mean size, 

descriptors at different distribution points, or model-distribution parameters. Particle shape is 

characterised qualitatively (fibres, flakes) or quantitatively (elongation, roundness, angularity), 

and factors like surface rugosity, fractal dimension, and porosity can influence behaviour. In 

practice, particles are rarely ideal spheres, leading to diverse size measurement results and size 

distributions across techniques due to shape, composition, and properties. This diversity adds 

complexity and interest to particle characterisation. The mechanical behaviour of granular 

materials, especially flow properties, is significantly influenced by particle size (Santamarina and 

Cho, 2004; Merkus and Merkus, 2009; Altuhafi et al., 2016).  

2.2.3.2 Particle shape 

In the context of granular materials, particle shape refers to the geometric characteristics of 

individual particles, encompassing all aspects of their external morphology. It is a vital attribute 

that can influence various properties and behaviours of granular materials. 

While particle size is commonly emphasised concerning particulate product properties, particle 

shape can often exert a significant and, at times, dominant effect. This effect is particularly 

pronounced in cases involving fibres and flakes. 

Conceptually, particle shape encompasses the entire boundary pattern of a particle, constituting all 

external morphology aspects (Luerkens, 1991; Syvitski, 1991; Kaye, 2008). It is a multi-

dimensional characteristic that cannot be reduced to a single parameter due to its inherent 

complexity. Particle shape exhibits variations across three scales: macroscale, mesoscale, and 

microscale. The macroscale pertains to the overall three-dimensional form of particles, involving 

parameters such as the ratios of their primary dimensions; the mesoscale concerns the general 

features of roundness and angularity in a particle's contour, and the microscale, surface rugosity 

or smoothness, porosity, and other structural variations come into play. Particle shape 

characterisation on macro- and mesoscales is frequently done through visual inspection or image 

analysis utilising optical or electron microscopy techniques. Additionally, alternative methods are 

sometimes employed. 

The shape of individual particles can significantly impact granular material properties. For 

instance, spherical particles generally lead to higher packing densities than irregularly shaped 

particles, except elongated particles, which can exhibit higher packing densities than spherical 

ones. Experimental determination of particle shape in granular materials is feasible through 

methods like image analysis or scanning electron microscopy. As highlighted (Hayta and Hendek 

Ertop, 2018), particle shape is crucial in the mechanical behaviour of granular materials. 

Particle sphericity can be defined as the ratio of particle volume to that of the smallest 

circumscribing sphere (W. C. Krumbein, 1941). 

Krumbein defined the intercept sphericity as SPH = √𝑏𝑐 𝑎2⁄
3

 which is a function of the volume 

ratio of the reference ellipsoid to the circumscribing sphere. As illustrated in Equation 2.4, a more 

widely accepted sphericity index is defined by (Sneed and Folk, 1958).  

𝑆𝑃𝐻 = √𝑐2 𝑎⁄ 𝑏
3

 
 

2.4) 
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The three elongation parameters can be computed from these length measurements: eyx = b/a, ezx 

= c/a and ezy = c/b. The so-called True sphericity index was defined in Equation 2.5 as the ratio of 

the nominal surface area, Sn (surface area of a sphere having the same volume as the object), to 

the actual surface area of the object, S (Wadell, 1932). 

𝑆𝑃𝐻 =
𝑠𝑛

𝑠
=

√36 𝜋 𝑉23

5
 2.5) 

Where V is the object's volume, the circularity index, c = 4 π S/perimeter2 is the 2D equivalent 

of the true sphericity index. Both indices range from 1 (perfect sphere or circle) to 0 (elongated 

shape). 

2.2.3.3 Compressibility, Shear Strength, and Anisotropy 

Granular materials are highly compressible, meaning their volume can change significantly under 

applied loads. This property depends on the packing density and size distribution of the particles. 

The compressibility of granular materials can be determined experimentally by measuring the 

change in volume under applied loads. According to (de Gennes, 1999; Campbell, 2006), 

Compressibility plays an essential role in the mechanical behaviour of granular materials, 

particularly in the shear strength and stability. 

Granular materials exhibit a shear strength dependent on normal stress and confining pressure. The 

shear strength results from the micro-scale mechanical interactions between the particles, and the 

particles' packing density, size distribution, and shape influence it. The shear strength of granular 

materials can be determined experimentally by performing direct shear tests. According to (de 

Gennes, 1999), the shear strength of granular materials is essential for their stability and flow 

properties. 

Granular materials exhibit anisotropy, which means that their properties are directionally 

dependent. This results from the micro-scale mechanical interactions between the particles and is 

influenced by the particles' packing density and size distribution. Anisotropy can be determined 

experimentally by measuring the properties of granular materials in different directions. According 

to (de Gennes, 1999; Börzsönyi and Stannarius, 2013) anisotropy, it plays an essential role in the 

mechanical behaviour of granular materials, specifically in the shear strength and stability. 

2.2.4 Classification of the Granular Material's Behaviour 

2.2.4.1 Cohesionless granular materials 

Cohesionless granular materials, characterised by their granular structure and lack of cohesive 

forces, exhibit distinct plastic properties governed by the relative displacements of their constituent 

grains (Hinrichsen and Wolf, 2004). Despite the apparent simplicity of modelling these materials 

using a Coulomb friction law to represent grain interactions, recent interdisciplinary investigations 

have revealed their inherent complexity. The collective behaviour arising from discrete grain 

geometry introduces complexity into the medium's state and evolution, driven by the need for the 

velocity field to align with local particle constraints (Hinrichsen and Wolf, 2004). This complexity 

challenges constructing a macroscopic continuum description despite the comprehensive 

understanding of individual grain behaviour and interactions. In contrast, dry granular materials, 

such as sand and gravel, lack contact with any fluid and possess distinct mechanical properties 

compared to wet granular materials, mainly flow properties and shear strength (de Gennes, 1999; 

Wornyoh et al., 2007). 

2.2.4.2 Cohesive granular materials 

Cohesive granular materials, such as clay, silt, and loam, are characterised by bonding or cohesive 

forces among their constituent particles (Jasti et al., 2019). These materials exhibit distinct 

mechanical properties compared to cohesionless granular materials, particularly regarding shear 
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strength and compressibility. On the other hand, wet granular materials, including mud and sludge, 

consist of particles in contact with a fluid (Mitarai and Nori, 2006). The presence of the fluid alters 

the micro-scale mechanical interactions between particles, resulting in variations in properties such 

as compressibility, angle of repose, and shear strength. Notably, the mechanical behaviour of wet 

granular materials differs from that of dry granular materials due to the fluid's influence on particle 

interactions and material properties. 

2.2.4.3 Granular materials under vibration 

These materials are composed of particles that are subjected to vibration. Examples of granular 

materials under vibration include powders and granular materials in fluidised beds. According to 

(Börzsönyi and Stannarius, 2013), granular materials under vibration have mechanical properties 

that are different from non-vibrated ones, specifically flow properties and packing density. The 

vibration can affect the micro-scale mechanical interactions between the particles, which can 

change the material's properties. 

2.2.5 Conclusion 

In conclusion, granular materials represent a complex class of particulate materials with diverse 

properties influencing their behaviour at macroscopic and microscopic levels. While there is a 

wealth of knowledge regarding their properties, further research is necessary to comprehend their 

behaviour and develop accurate predictive models fully. This study seeks to address these gaps by 

systematically exploring the influence of particle properties on granular material mechanics, 

aiming to provide valuable insights for optimising industrial processes and achieving practical 

applications across diverse fields. 

2.3 Modelling of granular materials  

Granular materials, comprising particles like soil, rock, and powder, exhibit complex 

mechanical behaviours crucial for various engineering applications. Direct shear tests are 

among the fundamental tests employed to explore their shear strength and dilatancy. 

Traditional numerical methods, particularly those based on continuum models, are limited in 

capturing the intricate characteristics of granular materials, such as particle size, shape, void 

ratio, and roughness (Cividini and Gioda, 1992; Tejchman, 2005). The discrete element 

method (DEM) has emerged as a robust computational tool to address these challenges, 

allowing a more accurate representation of granular materials' behaviour. 

In the realm of DEM, the simulation of direct shear tests necessitates a meticulous approach, 

especially when dealing with irregularly shaped granular particles (Thornton and Zhang, 

2003; Liu, 2006). While regular-shaped particles are more straightforward to model, real-

world granular materials present complex configurations. Various techniques have been 

devised To bridge this gap (Ting et al., 1993; Cleary and Sawley, 2002). Analytically defined 

particle shapes, including elliptical and super-quadric forms, have been introduced to capture 

the intricate dynamics of irregular particles. Additionally, clusters and clumps, formed by 

bonding or clumping multiple disks or spheres, have proven effective in modelling realistic 

particles (Peters and Džiugys, 2002; Cheng et al., 2003; Lim and McDowell, 2005). Clumped 

particles, in particular, are generated by clumping disks or spheres with predetermined initial 

overlap, moving as cohesive entities without breaking apart (Peters and Džiugys, 2002; Lim 

and McDowell, 2005). One significant advancement in this area involves using the quaternion 

method, which facilitates the description of rotations in 3D space without incurring excessive 

computational burdens or singularities (Smith et al., 1997). This method, extensively applied 

in molecular and rigid body dynamics, has been integrated into the proposed discrete element 

model with clumps, streamlining the transformation of rotation, resultant force, and moment 

acting on clumps between local and global coordinates. 
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Moreover, traditional linear viscous-elastic contact models have been widely employed in 

DEM simulation for granular materials, complemented by the Mohr-Coulomb friction law 

(Mishra and Murty, 2001; Ji and Shen, 2006). However, the intrinsic nonlinearities of inter-

particle forces and deformations in granular materials demand more sophisticated models. 

The Hertz-Mindlin contact force model, a nonlinear variant, has gained prominence for 

accurately representing the interactions within granular assemblies. Additionally, 

advancements have been made in incorporating nonlinear normal viscous forces, enhancing 

the model's fidelity to real-world scenarios (Schwager and Pöschel, 1998). While tangential 

viscous forces have been explored in some nonlinear models, they often have negligible 

effects and are frequently disregarded in DEM simulations (Campbell, 2002). These 

methodologies and advancements form the foundation for the subsequent detailed exploration 

and analysis of direct shear tests in granular materials using the discrete element method. 

2.3.1 Continuum modelling of granular materials 

In the study of granular materials, continuum modelling presents a distinct approach, bypassing 

the need to model individual granular particles. Instead, granular materials are treated as 

continuous media, their behaviour predicted through fundamental physical laws, including the 

conservation of mass, momentum, and energy. A constitutive model, establishing the relationship 

between stress and strain, is essential in this methodology. The continuum approach remains valid 

as long as the number of particles is sufficiently large at the minor scale of the flow, as emphasised 

by (DeGennes et al., 2000). 

Traditional methods, especially those utilising the Finite Element Method (FEM) within a 

Lagrangian framework, face challenges when dealing with significant deformations, free surface 

flows, and moving boundaries. Numerical difficulties arising from mesh distortion become 

particularly prominent in these scenarios. Innovative numerical methods like the Smoothed 

Particle Hydrodynamics method (SPHy) and the Particle Finite Element Method (PFEM) have 

been developed to address these challenges. 

2.3.1.1 Smoothed Particle Hydrodynamics (SPHy) Method 

The SPH method, a Lagrangian particle approach, stands out due to its mesh-free nature, 

eliminating the numerical issues associated with mesh distortion. Initially developed by (Gingold 

and Monaghan, 1977; Lucy, 1977) for astrophysical simulations, SPHy uses a set of arbitrarily 

distributed particles to represent the computational domain. These particles carry essential 

information, including velocity, mass, density, internal energy, and spatial coordinates. 

The core steps of the SPH method involve approximating field functions into integral functions, 

integrating these functions using particles within local domains, and solving resulting ordinary 

differential equations (ODEs) over time. Key components include kernel approximation, where 

functions are approximated using particles, and particle approximation, which discretises integral 

functions using neighbouring particles within a support domain. 

The kernel approximation relies on a smoothing function (kernel function) that ensures smooth 

transitions over particle distances. Common kernel functions, such as the cubic B-spline function, 

are employed in SPH simulations. These approximations enable the SPH method's adaptability, 

with the particle distribution guiding the entire process. 

2.3.1.2 The Particle Finite Element Method (PFEM) 

The PFEM, developed by (Idelsohn et al., 2003, 2004; Oñate et al., 2004), combines a Lagrangian 

perspective with finite element principles. Here, nodes within a finite element mesh are treated as 

material particles, and their movements are tracked during the simulation. The PFEM employs the 
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alpha-shape method for boundary recognition, effectively handling free surfaces and contacts. The 

process operates through several steps, including generating a cloud of particles, identifying 

external boundaries using the alpha-shape method, discretising the domain with a finite element 

mesh, solving governing equations, updating state variables, and iterating the process for 

subsequent time increments. 

Crucially, the PFEM ensures accurate solutions by dynamically adding and removing particles 

based on geometric criteria, preventing irregular particle distributions that could impact solution 

accuracy. Additionally, the PFEM automatically handles contact between deforming material 

domains and fixed boundaries, eliminating the need for complex contact search algorithms. 

2.3.1.3 Constitutive Models 

Constitutive modelling requires theoretical descriptions of a material's response to applied forces. 

Like other materials, granular materials follow the fundamental relation between stress and strain 

or stress and strain rate. Constitutive models typically decompose strains into elastic and plastic 

components, allowing the modelling of stresses within the elastic region using parameters like 

Young's modulus and Poisson's ratio. Beyond this region, stresses are controlled through plasticity 

using a yield function, flow rule, and hardening law. 

For granular materials, constitutive modelling can be based either on stress versus strain or stress 

versus strain rate. One prominent elastic-plastic constitutive model incorporates pressure-

dependent yield functions, piecewise linear relations between pressure and volumetric strain, and 

viscosity linked to strain rate. Modifications introduced by researchers like (Cante et al., 2011; 

Andrade et al., 2012) enhance these models, enabling a comprehensive understanding of granular 

material behaviour under various conditions. 

In summary, continuum modelling, using methods like SPHy and PFEM combined with advanced 

constitutive models, offers a robust approach to comprehensively studying granular materials, 

capturing their intricate behaviours and responses to external loads and deformations. 

2.3.2 Discrete modelling of granular materials 

2.3.2.1 Introduction to the Discrete Element Method  

The discrete element method (DEM) is a numerical tool to model granular systems. The particulate 

material is modelled as an assembly of individual particles that interact with each other and with 

boundaries. The discrete modelling approach aims to model the individual physical particles in the 

granular material, whose interactions then govern the behaviour of the bulk material when it is 

subjected to external forces. Thus, microscopic mechanisms govern the macroscopic behaviour. 

A discrete approach requires the determination of parameters at the particle size scale, such as the 

particle size and shape, and a model describing the inter-particle contacts based on the particle-to-

particle friction and damping, as well as contact stiffness. The number of particles in the system 

determines the feasibility of using a discrete approach. Still, with increasingly powerful 

computational resources, the approach has become applicable to large systems involving millions 

of particles. 

DEM simulations are often performed using commercial packages such as EDEM® SOFTWARE, 

which incorporates a powerful Graphical User Interface (GUI) that interfaces with CAD drawings. 

This and the readily available computational power allow complex systems to be simulated. 

However, the reliability of DEM predictions depends entirely on the simplification of the physical 

models used to describe the microscopic interaction. Simplifications are necessary to make 

complex problems solvable in sensible time frames, yet there seems to be little validation work 

reported in the literature that probes beyond macroscopic flow features. Suppose DEM is to fulfil 

its promise of becoming as important a design tool as Computational Fluid Dynamics (CFD). In 
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that case, there is a need to quantify and validate the ability of DEM simulations to provide insight 

into mixing mechanisms in equipment where flow is difficult to observe, let alone measure, on a 

granular scale. Despite this, DEM remains an increasingly recognised numerical tool for modelling 

granular systems and provides a wealth of information about the frequency of collisions, duration 

of contacts with neighbours, and movement of particles relative to bulk flow, which gives a 

measure of dispersion and is revealing about flow and mixing mechanisms at a scale and level of 

detail that is very difficult to achieve by experimental means. 

2.3.2.2 Discrete Element Modelling (DEM) 

In recent years, increasing computer power, development of academic DEM models and the 

availability of new user-friendly commercial software have led to DEM becoming a popular 

research tool in industry and academia. Consequently, DEM is used in increasing applications to 

simulate increasingly complex systems, often to evaluate machinery prototypes. Compared with 

simulations from the early years, models can now consider large numbers of particles or increasing 

system complexities (dimension of the problem). 2D simulations have also evolved into more 

sophisticated 3D simulations, giving more excellent capability in the system's complexity that can 

be studied. The interest and effort in DEM research increased dramatically. Figure 2.2 shows the 

number of publications related to discrete particle simulation between 1993 and 2023, obtained 

from the ScienceDirect website with the following keywords: discrete element method/model, 

distinct element method/model, discrete particle simulation/method/model, and granular dynamic 

simulation.  

 

Figure 2.2. publications related to discrete particle simulation between 1993 and 2023 from the 

ScienceDirect website. 

DEM modelling provides insight into particle flow mechanisms and is a powerful tool for 

optimising several industrial processes. In DEM, each particle is considered a discrete element, 

and the bulk mechanical behaviour of the assembly is related to individual particle properties and 

interactions. Because the output of DEM is the complete trajectory of every particle relative to all 

other particles and the equipment, such numerical simulations can enhance the fundamental 

understanding of granular motion. They can also help improve the design or operation of systems 

involving particulate material (Cleary, 2010). The value of DEM is demonstrated by the broad 

variety of applications reported in the literature. 

2.3.2.3 DEM Numerical model 

DEM employed in this work uses the soft-sphere approach initially developed by (Cundall and 

Strack, 1979). In this method, particles in contact are permitted to withstand small deformations, 
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and these deformations are used to calculate forces acting between particles, as reported in the 

general numerical algorithm illustrated in Figure 2.3 (Kuo, 2001). 

  

Figure 2.3. DEM numerical algorithm. Redrawn from (Kuo, 2001) 

The DEM numerical algorithm begins by placing the particles into the system. To calculate the 

contact force, EDEM® SOFTWARE performs a contact detection search to account for the contact 

between each particle. Contact detection is the most time-consuming and computationally 



15 

demanding operation. Once the contact detection is complete, the total force acting on each particle 

is determined. Hence, the translation and rotation motion can be described by integrating Newton's 

motion equations 2.6 and 2.7, and Calculations are performed in discrete time steps. The particles 

move in a straight line between each time step according to the velocity and acceleration calculated 

earlier. These trajectories are used to calculate the positions of the particles at the next time step. 

Overlaps (i.e., contacts) are then used to calculate the forces acting on each particle, determining 

its velocity and acceleration in the next time interval. Therefore, the particle's position, velocity, 

and acceleration are obtained at discrete time steps. The force and torque sum all forces and torques 

acting on each particle, including gravity, fluid drag, magnetic, and electrostatic fields. 

In this work, the forces and torques due to gravity collision and rolling friction are considered, and 

Newton's equations of motion for a particle i in contact with particle j assume the following form:  

𝒎𝑖

ⅆ𝒗𝑖

ⅆ𝒕
= ∑(𝑭𝑖�̇�

𝑛 + 𝑭𝑖𝑗
𝑡 ) + 𝒎𝑖 𝒈 2.6) 

𝑰𝑖

ⅆ𝝎

ⅆ𝒕
ⅈ = ∑(𝑹𝑖 × 𝑭𝑖𝑗

𝑡 − 𝝉𝑖𝑗
𝑟 ) 2.7) 

Where mi, Ii, νi and ωi are, respectively, the mass, moment of inertia, translational velocity and 

rotational velocity of particle i. 𝑭𝑖𝑗
𝑛  and 𝑭𝑖𝑗

𝑡  are the normal and the tangential forces due to contact 

between particles i and j at the current time-step, as reported in Figure 2.4. Ri is the vector between 

the centre of particle i and the contact point where the force 𝑭𝑖𝑗
𝑡  is applied. 

  

Figure 2.4. Contacts between particle i and particle j (Kuo, 2001). 

The 𝝉𝑖𝑗
𝑟 = −𝝁𝑟𝑹𝑖|𝑭𝑖𝑗

𝑛 |�̂�𝑖 term in Equation 2.7 is added to account for the torque caused by rolling 

friction. The parameter µr is defined as the coefficient of rolling friction and �̂�𝑖 is the unit angular 

velocity of the particle i. Rolling friction losses can arise from, for instance, the making and 

breaking of surface bonds such as liquid or electrostatic bridges, hysteresis in deformation of the 

moving point of contact, and interlocking of asperities on the contacting surfaces (Tabor, 1955; 

Johnson, 1972; Zhou et al., 1999; Yang et al., 2003). So, while the causes of rolling resistance are 

understood generally, the value of this friction coefficient is difficult to predict and measure for 

granular material. 

Considering Figure 2.4, the following notations are: 

• Ri = radius particle i 

• Rj = radius particle j 
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• ri = position of particle i (location of centre) 

• rj = position particle j (location of centre) 

• νi = velocity particle i 

• νj = velocity particle j 

The two particles are in contact if the following relation is valid: 

|𝒓𝑖 − 𝒓𝑗| ≤ 𝑹𝑖 + 𝑹𝑗 
 

2.8) 

The normal unit vector joining the centres of the two particles is defined as: 

𝒏𝑖𝑗 =
𝒓𝑗 − 𝒓𝑖

‖𝒓𝑗 − 𝒓𝑖‖
 2.9) 

The relative velocity is defined as: 

𝝂𝑖𝑗 = 𝝂𝑖 − 𝝂𝑗 2.10) 

Therefore, the relative velocity in the normal direction is given by: 

𝝂𝑖𝑗
𝑛 = (𝝂𝑖𝑗 ⋅ 𝒏𝑖𝑗) 𝒏𝑖𝑗 2.11) 

The relative velocity in the tangential direction is given by: 

𝝂𝑖𝑗
𝑡 = 𝝂𝑖𝑗 − 𝝂𝑖𝑗

𝑛  2.12) 

The tangential unit vector is calculated as follows: 

�̂�𝑖𝑗 =
𝝂𝑖𝑗 − 𝝂𝑖𝑗

𝑛

‖𝝂𝑖𝑗 − 𝝂𝑖𝑗
𝑛 ‖

 2.13) 

A model is necessary to evaluate the force terms between particles and those between particles 

and any other solid body (e.g., wall boundaries) when they come into contact. A variety of contact 

models have been previously reported in the literature (Oda and Iwashita, 1999; Mishra, 2003; Di 

Renzo and Di Maio, 2004, 2005; Bertrand et al., 2005; Kruggel-Emden et al., 2010). There is no 

consensus on the best contact model since these models are not equivalent and deal with particle 

contacts differently. For instance, models based on Hertz's theory consider particles that lead to 

elastic deformation, whereas the linear spring dashpot model considers this deformation 

viscoelastic (Bertrand et al., 2005). All these models depend on parameters, the values of which 

must be included in the setup. It is essential to validate any DEM-based model before using it. A 

careful validation strategy should always include an ultimate test between the numerical and 

experimental results. 

The contact model used by Cundall and Struck is based on a Kelvin-Voigt model, represented in 

Figure 2.5. A spring, damper and slider represent the normal and tangential direction contact 

model. This model assumes the definition of the following parameters in normal and tangential 

directions: 

• Stiffness k 

• Damping coefficient η 

• Friction coefficient µ 
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Figure 2.5. Kelvin-Voigt contact model: spring k, damper η and slider µ (Kuo, 2001). 

Cundall and Strack defined equation 2.14 for the normal contact model and equation 2.15 for the 

contact force in the tangential direction. 

𝑭𝑖𝑗
𝑛 = (−𝒌𝑛 𝜹𝑖𝑗

𝑛 − 𝜼𝑛 𝝂𝑖𝑗
𝑛 ) 2.14) 

𝑭𝑖𝑗
𝑡 = (−𝒌𝑡 𝜹𝑖𝑗

𝑡 − 𝜼𝑡  𝝂𝑖𝑗
𝑠 ) 2.15) 

The simulation model must define the stiffness parameters in normal and tangential directions (kn, 

kt), damping parameters (ηn, ηt), and the friction coefficient µs. 𝜹𝑖𝑗
𝑛  and 𝜹𝑖𝑗

𝑡  are the particle's normal 

and tangential displacement due to normal and tangential forces. 𝝂𝑖𝑗
𝑠  is the slip velocity at the 

contact point defined as follows: 

𝝂𝑖𝑗
𝑠 = 𝝂𝑖𝑗 − (𝝂𝑖𝑗 ⋅ 𝒏𝑖𝑗) 𝒏 + (𝑹𝑖 𝝎𝑖 + 𝑹𝑗  𝝎𝑗) × 𝒏𝑖𝑗 2.16) 

Figure 2.6  proposed a non-linear model by adapting the Cundall and Strack contact model (Tsuji 

et al., 1992).  

 

Figure 2.6. The modified Hertz Mindlin contact model is described by Equations 2.17, 2.18 and 

2.20 (Kuo, 2001). 

In this model, the first term of equation 2.14 is substituted with a non-linear term to consider the 

Hertz theory for normal contact. An adaptation of equation 2.14 was proposed for the tangential 

contact of equation 2.14, including a viscous dissipation term in Equation 2.17. Therefore, the 

modified contact model results as follows: 

𝑭𝑖𝑗
𝑛 = (−𝒌𝑛 𝜹𝑖𝑗

3𝑛
2 − 𝜼𝑛 (𝝂𝑖𝑗 ⋅ 𝒏𝑖𝑗) 𝒏𝑖𝑗) (2.17) 

𝑭𝑖𝑗
𝑡 = (−𝒌𝑡 𝜹𝑖𝑗

𝑡 − 𝜼𝑡 𝝂𝑖𝑗
𝑡 ) (2.18) 
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Where 𝝂𝑖𝑗
𝑠  slip velocity is substituted with the 𝝂𝑖𝑗

𝑡  relative tangential velocity. Sufficiently high 

tangential forces will cause particles to slip relative to each other or with the surfaces they are in 

contact. Consider cohesionless particles subject to a constant normal force: the extent of slippage 

under tangential force is determined by: 

|𝑭𝑖𝑗
𝑡 | < 𝝁𝑠 |𝑭𝑖𝑗

𝑛 | 2.19) 

This equation represents a cut-off for the magnitude of the maximum tangential force for a given 

static friction coefficient μs, known as Coulomb's law of friction (Di Renzo and Di Maio, 2004; 

Seville et al., 2012). If equation 2.19 is satisfied, the effect of 𝑭𝑖𝑗
𝑡  causes a slight relative 

movement, termed "microslip", and equation 2.18 is used as tangential force. If equation 2.19 is 

not satisfied, the slipcovers the entire contact area, referred to as "gross sliding". In this case, the 

tangential force is given by Amontons' first law of friction as follows, where �̂�𝑖𝑗 is the tangential 

unit vector: 

𝑭𝑖𝑗
𝑡 = −𝝁𝑆 |𝑭𝑖𝑗

𝑛 | �̂�𝑖𝑗 2.20) 

EDEM® software offers several different contact models and provides user-defined models if 

required. The modified Hertz Mindlin contact model is the default contact model in EDEM®  

software (DEM Solution.User Guide ; Raji and Favier, 2004) and is based on the proposed contact 

model (Tsuji et al., 1993). This model is an extension of the damped linear spring contact force 

model of Cundall and Strack. The normal and tangential non-linear contact forces are represented 

by Equations 2.21 and 2.22, and they result from a combination of the non-linear elastic Hertz 

model (Hertz, 1881) in the normal direction and the linear elastic Mindlin model (Mindlin, 1949) 

in the tangential direction with a dissipative term in a tangential direction. A dissipative second 

term is applied for normal and tangential directions to account for energy lost during collisions 

through inelastic deformation and friction. 

In the Hertz Mindlin contact model employed in EDEM® SOFTWARE, the collision between two 

spheres i and j, the normal force, 𝑭𝑖𝑗
𝑛 , acting on each sphere is given by: 

𝑭𝑖𝑗
𝑛 = −

4

3
 𝑬∗ √𝑹∗ 𝜹𝑖𝑗

𝑛3 2⁄
− 2√

5

6
 𝝍 √𝑺𝑛 𝒎∗ 𝝂𝑖𝑗

𝜂
 (2.21) 

Where E* is the equivalent of Young's Modulus of the two colliding particles, R* is the equivalent 

radius, 𝜹𝑖𝑗
𝑛  is the normal particle displacement due to the normal force, m* is the equivalent mass, 

and the normal contact stiffness 𝑺𝑛 = 2 𝑬∗√𝑹∗ 𝜹𝑛  and 𝝂𝑖𝑗
𝜂

 is the normal relative velocity 

component. The damping ratio coefficient Ψ is a function of the coefficient of restitution, e, and 

assumes a value between 0 and 1 (fully viscous to fully elastic). 

The tangential force, 𝑭𝑖𝑗
𝑡 , depends on the tangential displacement 𝜹𝑖𝑗

𝑡 , the relative tangential 

velocity 𝝂𝑖𝑗
𝑡  and the tangential contact stiffness 𝑺𝑡 = 8 𝑮 ∗ √𝑹∗ 𝜹𝑛. In EDEM® SOFTWARE, the 

tangential force is still limited by the sliding condition defined by Coulomb's law of friction. 

𝑭𝑖𝑗
𝑡 = −𝑺𝑡 𝜹𝑖𝑗

𝑡 − 2√
5

6
 𝝍 √𝑺𝑡 𝒎∗ 𝝂𝑖𝑗

𝑡  (2.22) 

The damping ratio is a function of the coefficient of restitution, and it is defined as: 



19 

𝝍 = −
𝒍𝒏 ⅇ

√(𝒍𝒏 ⅇ)2 + 𝝅2
 (2.23) 

With e the coefficient of restitution. In the EDEM® SOFTWARE default Hertz-Mindlin contact 

model, the coefficient of restitution e remains constant with impact speed, assuming other model 

parameters are constant. 

For two spheres 1 and 2, the equivalent radius R*, the equivalent mass m*, the equivalent Young's 

modulus E* and shear modulus G* are defined as follows: 

𝑹∗ = (
1

𝑹1
+

1

𝑹2
)

−1

=
𝑹1 𝑹2

𝑹1 + 𝑹2
 2.24) 

𝑹∗ = (
1

𝒎1
+

1

𝒎2
)

−1

=
𝒎1 𝒎2

𝒎1 + 𝑚2
 2.25) 

𝑬∗ = (
1 − 𝝂1

2

𝑬1
+

1 − 𝝂1
2

𝑬2
)

−1

 2.26) 

E1 and E2 are Young's modulus of spheres 1 and 2. ν1 and ν2 are Poisson's ratio of sphere 1 

and 2. 

𝟏

𝑮∗
= (

(𝟐 − 𝝂𝟏)

𝑮𝟏
+

(𝟐 − 𝝂𝟐)

𝑮𝟐
) (2.27) 

G1 and G2 are the Young's modulus of spheres 1 and 2. 

If the simple Hertz Mindlin contact model is defined by Equations 2.21 and 2.22 employed, the 

following contact input parameter must be defined for the EDEM® SOFTWARE simulation 

model. 

• Coefficient of static friction µs: for particle-particle µs-pp and particle-wall µs-pw Contacts. 

• Coefficient of rolling frictions µr: for particle-particle µr-pp and particle-wall µr-pw Contact. 

• Coefficient of restitution e: for particle-particle epp and particle-wall epw contact. 

2.3.3 DEM Modelling of the Simple Shear Test 

Granular materials, such as railway ballast, are crucial components of infrastructure systems, and 

understanding their mechanical behaviour is essential. Traditional methods like the Simple Shear 

Test (SST) have long been used to characterise granular material properties and construct 

numerical models (Bishop and Henkel, 1962; Schofield and Wroth, 1968; Wood, 1990; Ishihara, 

1996). The SST, a widely used experimental technique, involves confining particles between 

parallel containers and applying shear strain by translating one container horizontally concerning 

the other. These tests have demonstrated the effect of increasing normal stress on shear strength 

(Obert et al., 1976). However, despite these advancements, a comprehensive investigation into the 

individual effects of each particle index on SST outcomes remains an area that requires further 

exploration. This study aims to address this gap by conducting an in-depth analysis of the influence 

of particle size, shape, and surface characteristics on SST results, thereby enhancing our 

understanding of granular material behaviour at both micro and macroscopic levels. By integrating 

insights from these traditional tests and innovative analyses, a holistic perspective on granular 

material behaviour emerges, providing invaluable knowledge for engineering applications. 
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2.3.3.1 Theory and Background 

The Discrete Element Method (DEM) is a pivotal numerical technique developed in the 1970s by 

(Cundall and Strack, 1979), enabling the simulation of granular and particulate materials in various 

fields such as geomechanics, civil engineering, pharmaceuticals, and food processing. DEM offers 

insights into particle motion, interlocking forces, and energy consumption (Estrada et al., 2008; 

Huang, 2010), making it a cornerstone in material behaviour studies. While previous studies using 

DEM to explore granular behaviour have existed, they often encountered limitations, ranging from 

a lack of validation to overlooking crucial factors such as particle shape, size, and gradation. 

This study represents a significant advancement by addressing these limitations through a 

comprehensive DEM exploration of granular material behaviour. Key parameters, including 

particle size, particle size distribution, and particle shape, are systematically analysed under 

varying normal stress levels, providing a nuanced perspective on granular materials' response. 

Furthermore, this research delves deeper into the mechanics of granular materials by incorporating 

insights from the Simple Shear Test (SST). This approach yields essential stress-strain curves, 

elucidating the material's frictional and rheological properties crucial for diverse engineering 

applications. However, it is necessary to note that the accuracy and reliability of SST results 

depend on numerous factors, including particle shape, size, surface properties, sample preparation, 

and testing conditions. 

While recent studies have meticulously explored the intricate relationship between particle indexes 

and SST outcomes, this study aims to contribute further by providing a more comprehensive 

analysis. For example, (Altuhafi et al., 2016) demonstrated a direct correlation between the 

coefficient of friction measured in SST, particle shape factor, and size. Similarly, (Danesh et al., 

2020) investigated the influence of the angularity index and sphericity index on the shear strength 

of the ballast layer, while (Kodicherla et al., 2019) explored the impact of the dimensionless 

elongation parameter (η) on the direct shear behaviour of granular materials using DEM. These 

works have contributed valuable insights, but specific gaps and nuances in the relationship 

between particle indexes and SST outcomes still require further exploration. 

By integrating insights from DEM and SST, this research aims to provide a comprehensive 

understanding of granular materials, shedding light on their complex behaviours and offering 

invaluable knowledge for engineering applications. 

2.3.3.2 Particle Shapes and Index 

The properties of their constituent particles significantly influence the behaviour of granular 

materials. Among these properties, particle size and shape, characterised by angularity and 

sphericity indexes, emerge as crucial parameters affecting both macro and micro-mechanical 

behaviours of granular materials (Danesh et al., 2018). The angularity index quantifies the degree 

of particle roughness and irregularity, while the sphericity index measures how closely a particle 

approximates a sphere. 

2.3.3.3 Gap Identification of the Particle Index 

The field of granular materials research has predominantly discussed the impact of particle shape 

and size in generalised terms. Take, for example, (Danesh et al., 2020) an investigation into the 

direct shear mechanical behaviour, where the focus was on the sphericity index (SPH) and 

angularity index (AI). While this research shed light on particles with identical particle radius 

values but varying SPH, it notably omitted a systematic exploration of changes in particle 

sphericity. This gap in knowledge arises from the diverse origins and shapes of the particles 

studied, constructed from varying numbers of particles, resulting in a lack of systematic variation 

in particle sphericity. 

Similarly, the work of (Kodicherla et al., 2019) concentrated on particle elongation, specifically 

examining triple particles with distinct elongated shapes. However, their study did not encompass 
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a systematic analysis of the transformation of double particles or changes in particle size, leaving 

valuable insights unexplored. This tendency to isolate specific shape parameters, such as size or 

sphericity, while neglecting their combined effects is a recurring theme in the literature. (Danesh 

et al., 2020) study, for instance, delved into particles with differing angularity indexes but did not 

venture into the realm of systematic angularity variations. Similarly, investigations involving 

variations in the sphericity index utilised particles with consistent angularity indexes originating 

from different numbers of particles—however, the systematic evolution of the sphericity index 

needed to be more present in these studies. 

2.3.3.4 Gap Filling of the Particle Index 

Addressing the research gaps identified in the previous section, we embark on a scientific 

exploration journey to investigate particle indexes' influence on granular material mechanics 

comprehensively. This section will provide an in-depth overview of the methodologies and 

techniques employed to unravel the complexities associated with particle attributes. The discussion 

will be structured around the critical examination of three key particle indexes: the Sphericity 

Index (SPH), Aspect Ratio (AR), Double Particle Size Index (SI), and Triple Particle Size Index 

(TPSI). 

• Sphericity Index (SPH) 

In response to these limitations in the literature, this thesis concentrates on addressing these gaps 

by systematically exploring changes in the sphericity index. Specifically, it investigates the impact 

of sphericity index variations on double particles. The approach involves maintaining a constant 

particle radius while systematically altering sphericity. This methodology facilitates a thorough 

understanding of how sphericity influences direct shear mechanical behaviour in granular 

materials. 

• Double Particle Size Index (SI) 

In addition to the sphericity index, this research also examines the effect of particle size on direct 

shear mechanical behaviour. Five different double-size particles are precisely studied, all while 

keeping sphericity constant. These particles undergo systematic size variations, involving 

reductions by 25% and 50% and enlargements by 25% and 50%. An additional five particle sizes 

are formed, maintaining the same sphericity. This systematic variation in particle size provides 

valuable insights into how size affects the mechanical behaviour of particle assemblies. 

• Triple Particle Size Index (TPSI) 

Furthermore, this thesis expands its scope by investigating the impact of the triple particle size 

index (TPSI) by systematically increasing the size of triple particle assemblies by 25% and 50%. 

Three different triple particle assemblies with varying sizes are formed, allowing for a 

comprehensive study of the size effect on particle assemblies' direct shear mechanical behaviour. 

Notably, this research also explores whether the results obtained from double-particle and triple-

particle indexes exhibit similar trends in influencing direct shear mechanical behaviour. 

2.3.3.5 Conclusion 

In this thesis, we endeavour to bridge a critical gap in understanding particle assemblies' direct 

shear mechanical behaviour through comprehensive Discrete Element Method (DEM) 

simulations. By systematically investigating the influence of key particle indexes such as the 

sphericity index (SPH), size index (SI), and triple particle size index (TPSI), our research aims to 

provide a comprehensive understanding of granular material behaviour. Subsequent chapters will 

incorporate analyses of additional parameters, like the aspect ratio (AR), to Acknowledge the 

limitations and potential of these parameters, paving the way for a more nuanced understanding 

and practical applications in various engineering domains. 
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These key parameters are chosen based on their fundamental importance in governing the 

mechanical behaviour of granular materials. The sphericity index (SPH) captures the degree of 

roundness or irregularity of particles, significantly impacting their packing density, interparticle 

contacts, and mechanical response. Similarly, the size index (SI) is crucial in determining particle-

to-particle interactions, cohesion, and flow behaviour, which is essential for understanding particle 

assemblies' overall mechanical behaviour. Furthermore, the triple particle size index (TPSI) offers 

insights into the distribution and arrangement of particles within the assembly, directly impacting 

its shear strength, deformation characteristics, and overall stability. 

While these parameters broaden our understanding of particle behaviour, they are part of a broader 

spectrum of particle characteristic parameters, including the angularity index, irregular particle 

shape, roughness of the particle, and crushing index, among others. Understanding these various 

parameters contributes to a more comprehensive understanding of granular material behaviour and 

its collective applications in engineering. 

Although this research focuses on SPH, SI, and TPSI, it recognises the significance of the aspect 

ratio (AR) in refining our understanding of particle behaviour. While AR is not included in this 

initial investigation, subsequent chapters will incorporate an analysis of the AR index to provide 

a more comprehensive picture of particle interactions within the simulated assemblies. 

2.4 Experimental methods 

In comprehending the mechanical behaviour of granular materials, a comprehensive array of 

experimental techniques has been developed to elucidate the intricacies inherent in their responses 

to external forces. These methodologies encompass a spectrum of devices meticulously engineered 

to replicate diverse stress and strain conditions, allowing researchers to delve deeply into the 

multifaceted behaviour exhibited by these materials. This section aims to provide a thorough and 

illuminating overview of these experimental approaches, unveiling their underlying principles and 

distinctive advantages. This collective understanding constructs a holistic comprehension of 

granular material behaviour, paving the way for informed analysis and interpretation. 

Throughout this exposition, we will meticulously explore each experimental method, dissecting 

its intricacies and applications. We will delve into the details of the simple shear test device, a 

cornerstone of granular material analysis. Notably, we will undertake a numerical exploration, 

leveraging discrete element methods to unravel the profound influence of particle shape and size 

on the outcome of the simple shear test. Additionally, the vibrational cell device will be subjected 

to comprehensive scrutiny. The interplay between external vibrations and normal stress on the 

wheat particle packing densification process will be assessed through dedicated tests. These 

investigations are paramount in unveiling the subtle interconnections within the material's 

behaviour. 

Furthermore, our discourse will encompass various other particle testing devices. By delving into 

the intricacies of each, we will glean insights into their distinctive capabilities, underlying 

mechanics, and limitations. These explorations collectively form a robust foundation for 

comprehending granular materials' mechanical responses, enabling a more profound 

understanding of their behaviour in various contexts. 

2.4.1 The triaxial cell 

The conventional triaxial cell is a widely adopted apparatus for geotechnical testing. Its design, 

often referred to in soil mechanics textbooks like (Bishop and Henkel, 1962), is familiar in the 

field. Interpretation of results is straightforward due to the absence of shear stresses on vertical 

boundaries, enabling easy measurement of all applied stresses. Its strength and stiffness outcomes 

are critical parameters in geotechnical design. However, rigid top and bottom boundaries introduce 

stress and strain non-homogeneities. One solution is to increase the aspect ratio of samples to two 

or more, mitigating this issue. Investigating soil anisotropy with the triaxial cell is challenging, 
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limited to just two major principal stress orientations, a = 90° for extension and a = 0° for 

compression. While efforts to test reconstituted or natural samples with inclined boundaries have 

been made, potential errors arising from undesired bending moments and shear stresses have been 

noted (Saada and Townsend, 1981). Regarding small strain response, the triaxial cell has 

significantly enhanced understanding of anisotropic soil behaviour. Procedures like those detailed 

by (Kuwano et al., 2000), involving bender elements for measuring anisotropic stiffness at minor 

strains, have been widely adopted by researchers, including (Jovičić et al., 1996; Pennington et al., 

2001). 

2.4.2 The true triaxial apparatus 

The true triaxial apparatus is developed based on the same fundamental principle as the 

conventional triaxial cell. However, it employs a prismatic specimen enclosed by six boundaries, 

enabling the application of three distinct normal stresses in fixed orthogonal directions. This 

advanced configuration permits the evaluation of the influence of intermediate stress on soil 

behaviour, unlike the conventional triaxial cell, where the horizontal stresses are equal. Despite 

this enhancement, challenges related to anisotropy are similar to those of the conventional triaxial 

apparatus. The boundaries can translate but not rotate, preventing the application of shear stress to 

the specimen and controlling the orientation of principal stresses. Anisotropy study is restricted to 

two scenarios: a) a = 90° and b) a = 0°. However, the value of h can be controlled in either of these 

directions, providing another advantage compared to the conventional triaxial apparatus. Similar 

to the conventional triaxial apparatus, some efforts have been made to test samples prepared by 

pluviation at varying deposition angles (Yong, 1981; Wong and Arthur, 1985). 

2.4.3 The plain strain device 

Numerous versions of the plane strain apparatus, such as those by (Green and Reades, 1975; Yong, 

1981). have been developed. These devices confine prismatic specimens in one direction, 

maintaining an intermediate strain of zero and enabling measurement of the intermediate stress 

through load cell deployment. However, this method has limitations. Stress measurement requires 

finite displacement, violating the zero-strain condition. Consequently, the impact of variable "b" 

on soil response cannot be assessed. Moreover, anisotropic behaviour cannot be explored, as the 

orientation of the major principal stress cannot be altered unless inclined samples are used, which 

brings about the common issues associated with triaxial devices.  

2.4.4 The directional shear cell 

Compared to previously discussed devices, the directional shear cell represents a more advanced 

apparatus that applies controlled stress magnitude and orientation variations. This device imposes 

plane strain conditions through rigid end platens on two opposing sides of the sample, while direct 

normal and shear stresses can be applied through flexible membranes on the remaining four sides. 

(Arthur et al., 1981) offer a comprehensive description of this apparatus. The essential advantage 

is the ability to apply shear stress on four faces of the soil specimen, allowing control over major 

principal stress orientation. The stress and strain application are relatively uniform, though strain 

measurement entails photometry and radiography, making interpretation complex. Notably, this 

apparatus enables the independent study of inherent and induced anisotropy under principal stress 

rotation by altering the elevation direction during sample preparation. However, limitations 

include the inability to control parameter 'b', low operational stress range, and challenging 

apparatus setup and operation.  

2.4.5 The hollow cylinder apparatus 

The hollow cylinder apparatus (HCA) subjects a hollow cylindrical specimen to four 

independently controlled pressures: internal and external pressures along the vertical curved sides, 

a vertical load, and torque across the sample's cross-sectional area. By applying and controlling 

these forces independently, the orientation and magnitude of the principal stresses can be measured 
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and managed. Allows for the comprehensive study of the effects of stress orientations and 

magnitudes on soil behaviour while maintaining controlled drainage conditions. The HCA can 

replicate various stress paths experienced by soil around geotechnical structures, making it suitable 

for result validation. For instance, (Pradhan et al., 1988) compared HCA simple shear tests with 

the Cambridge-style apparatus, yielding comparable results in strength and deformation. Despite 

its advantages, the HCA needs help creating homogeneous samples and accurately measuring 

strain and stress due to non-uniformities, often stemming from sample geometry and boundary 

conditions. While these errors can be minimised with appropriate geometry selection, achieving 

critical states with the HCA is complex. Additionally, the apparatus needs help to differentiate 

inherent and induced anisotropy due to limitations in tilting samples or altering pluviation 

directions, except in specific cases like frozen sand or intact clay samples.  

2.4.6 Oedometer Test 

The oedometer test is a confined compaction method for soil specimens. These specimens are 

placed in a short cylindrical space to mimic a disk's initial shape. Porous media surrounds the 

specimen on top and bottom to allow moisture drainage. It is then incrementally compressed, each 

time reaching a steady volume. Proper drainage might take from minutes to days under 

compression. Unload/reload cycles can offer further insights into compaction behaviour. The test 

involves a known compressive force. Average axial stresses are calculated similarly to the triaxial 

test. Calculating the third principal stress involves strain gauges on the oedometer ring's exterior 

to measure hoop strains, which can be converted to radial soil stresses using pressure vessel 

equations (Wang and Abriak, 2015). 

2.4.7 Simple shear test 

The direct shear box, a widely utilised soil laboratory test, offers a straightforward method for 

estimating soil shearing resistance by allowing vertical consolidation followed by horizontal 

shearing of a prismatic specimen within a sliding box configuration, as present in Figure 2.7. 

 

Figure 2.7. Large direct shear device: a schematic diagram and b photos of the large direct shear 

box (Dołżyk-Szypcio, 2019) 

Despite its ease of use and cost-effectiveness, this method presents several drawbacks, notably the 

absence of controlled drainage, limited measurement of stress variables necessitating assumptions 

about failure states, and highly non-uniform stresses and strains within the sample (Potts et al., 

1987) and (Cui and O'sullivan, 2006). Additionally, the rotation of the major principal stress during 

shearing remains uncontrolled. Efforts to address these limitations led to the development of 

modified apparatus, such as that proposed by (Guo, 2008), which enables tilting and pouring of 

sand to create samples with varying orientations yet still exhibit non-uniform stress and strain 

distributions. In contrast, the simple shear device, introduced as an advancement of the direct shear 

box, aims to mitigate strain non-uniformities by employing various configurations, including 

prismatic specimens or short cylindrical samples. However, challenges persist, including 

uncontrolled stress rotation and the inability to measure intermediate stress, highlighting the need 

for further refinement in soil testing methodologies (Thornton and Zhang, 2020). 
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2.4.8 Vibration cell 

Compared with previously described devices, the vibrator cell is a much more advanced apparatus 

that applies controlled 3D vibration. This device has been successfully used in previous 

experiments on the packing densification of spheres, cube-sphere mixtures, and mono-sized 

cylinders (Li et al., 2011; An et al., 2015, 2016; Qian et al., 2016). This vibrating device could 

independently realise vibrations in three perpendicular directions with accurately controlled 

amplitudes and frequencies, where the eccentricity of each cam determines the vibration 

amplitudes and the vibration frequencies are controlled by the rotational speed of each motor 

governed by the converter. More details of the vibrator are shown in Figure 2.8. The vibration in 

each direction follows the sinusoidal mode with the governing equation 2.28:  

Di(t) = 
1

4
 A sin(ω t + ϕ0) (2.28) 

Where Di represents the displacement of the vibration desk, A and ω are the amplitude and 

frequency, and t and ϕ0 are the vibration time and initial phase angle (Zhao et al., 2019). 

 

Figure 2.8. Schematic of the vibrator (Zhao et al., 2019) 

2.4.8.1 Particle Packing Density 

2.4.8.1.1 Introduction to Particle Packing Density 

Particle packing density (ρ) holds significant importance across various fields, including 

agriculture, industry, and scientific research, representing the ratio of the volume occupied by 

particles in a container to their total volume (Al-Maharma et al., 2020; Minglani et al., 2020). 

While extensive research has focused on understanding the packing behaviours of monodisperse 

and polydisperse spherical particles, non-spherical particles, particularly cylindrical ones, have 

received comparatively less attention (Li et al., 2020; Ma et al., 2022; Zuo et al., 2022; Rosenholm, 

2023). Notably, the combination of cylinders and spheres has shown potential for achieving higher 

packing densities compared to monodisperse cylindrical packing (Zhao et al., 2019). However, 

there remains a gap in physical experimentation in this domain, with research often concentrating 

on binary mixtures based solely on diameter considerations or combinations of spheres and high 

aspect ratio fibres (German, 1989). 

2.4.8.1.2 Theory and Background of Packing Density 

Particle packing density, a fundamental concept with wide-ranging implications, has traditionally 

been explored through the lens of spherical particles, elucidating distinct states such as random 

loose packing (RLP), random close packing (RCP), and ordered packing (Li et al., 2011; An et al., 

2015, 2016; Qian et al., 2016). However, recent advancements and theoretical investigations have 
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broadened our understanding to encompass both spherical and non-spherical particles. Yet, despite 

these strides, a notable gap persists in comprehending the packing densification of non-spherical 

particles, particularly cylindrical ones, due to their orientational anisotropy and surface elements. 

(Baule and Makse, 2014) underscore the challenges in treating jammed matter states theoretically, 

attributing them to strong positional and orientational correlations. Their introduction of a 

predictive framework, rooted in a constant volume ensemble approach, offers a promising avenue 

for calculating packing fractions for both spherical and non-spherical particles. (Tangri et al., 

2017) delve into the impact of drop height, coefficient of restitution, friction coefficient, and 

surface roughness on packing density, introducing novel methods for density analysis in DEM 

simulations. (Yuan et al., 2018) investigate the coupling effects of particle size and shape on 

packing density, shedding light on optimising packing efficiency for various applications through 

experimental data and theoretical models. 

2.4.8.1.3 Gap Identification of Packing Density 

Historically, particle packing studies have primarily centred on spherical particles, inadvertently 

overshadowing the packing behaviours of non-spherical entities like cylindrical particles. While 

previous literature has explored various particle shapes, including cylindrical and mixed-shape 

particles, a critical gap remains in understanding the combined effect of mechanical vibration and 

external normal stress on wheat particle packing density. 

This study addresses this gap by investigating the simultaneous impact of mechanical vibration 

and external normal stress on wheat particle packing density. By conducting systematic 

experiments using a precision vibration table equipped with dead weights, we hypothesise that the 

combined application of these forces will significantly enhance wheat packing density beyond the 

effects of mechanical vibration alone. Unlike prior studies that often isolated the influence of 

mechanical vibration, our research recognises the inherent interplay between mechanical vibration 

and normal stress. By considering these factors jointly, we aim to understand their combined 

impact on wheat packing density comprehensively. 

Furthermore, this study endeavours to predict this impact by formulating a novel exponential 

model. This model anticipates the influence of mechanical vibration and normal stress on wheat 

packing density, offering insights into practical applications in various sectors, from agricultural 

seed storage to related industries. Through this comprehensive exploration, our study represents a 

significant step toward bridging existing gaps in particle packing density research and expanding 

the horizons of practical applications in this domain. 

2.4.8.1.4 Gap Filling of Particle Packing Density 

This study explores a crucial and underexplored realm of particle physics: the simultaneous impact 

of mechanical vibration and external normal stress on wheat particle packing density. By 

conducting precise experiments using a vibration table equipped with dead weights, we aim to 

elucidate the individual contributions of these forces to particle packing density. 

An innovative aspect of this research lies in its holistic approach. Unlike prior studies that often 

isolated the influence of mechanical vibration, our study recognises the interplay between 

mechanical vibration and normal stress. By considering these factors jointly, we aim to understand 

their combined impact on wheat packing density comprehensively. Additionally, we seek to 

predict this impact through a novel exponential model, offering valuable insights into practical 

applications across various sectors. 

Through this comprehensive exploration, our study represents a significant advancement in 

particle packing density research. It bridges existing gaps and paves the way for practical 

implementations in diverse industries. 
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2.4.8.1.5 Conclusion 

In conclusion, this study has addressed significant gaps in our understanding of particle packing 

density by exploring the simultaneous impact of mechanical vibration and external normal stress 

on wheat particle packing density. This research has enhanced our fundamental understanding of 

particle physics through systematic experimentation and theoretical investigations and laid the 

groundwork for practical applications in diverse sectors. By recognising the interplay between 

these forces and formulating predictive models, this study represents a significant step forward in 

bridging existing gaps in particle packing density research and unlocking new possibilities for 

practical implementations. 

This comprehensive exploration offers valuable insights into the behaviour of granular materials 

under different conditions, paving the way for advancements in civil engineering, geotechnical 

engineering, and material science. By elucidating the complex interactions between mechanical 

vibration, external normal stress, and particle packing density, this research contributes to 

optimising industrial processes and designing more efficient granular materials. Additionally, the 

predictive models developed in this study provide a framework for predicting and controlling 

particle packing density in various applications, from agricultural seed storage to related industries. 

Overall, this study highlights the importance of considering multiple factors in understanding 

particle packing density and its implications for practical applications. 

2.5 Chapter Summary 

This chapter provides a comprehensive overview of finite and discrete element methods and the 

properties of granular materials and testing devices. It emphasises the importance of understanding 

granular material behaviour and the significance of discrete element method (DEM) simulations. 

By addressing existing research gaps and proposing strategies for improving measurement 

accuracy, this study aims to enhance our understanding of granular material behaviour and its 

practical applications across various industries, including civil engineering, geotechnical 

engineering, and material science. 

Through a detailed examination of finite and discrete element methods, this chapter lays the 

groundwork for understanding the complex behaviour of granular materials and the role of 

numerical simulations in elucidating their mechanical properties. This study provides a 

comprehensive overview of the methodologies employed in granular material research by 

highlighting the various properties of granular materials and discussing the standard experimental 

devices used for testing. 

Moreover, this chapter discusses recent investigations using the discrete element method (DEM) 

to explore the influence of particle index on the simple shear test (SST). Parameters such as stress-

strain diagrams, particle rotation, shear zone thickness, stress shear band, and coordination number 

are examined, along with the effects of mechanical vibration and normal stress on wheat packing 

density. By identifying existing research gaps in this area, this study sets the stage for further 

exploration and refinement of DEM simulations to better understand granular material behaviour. 

Furthermore, this study enhances our understanding of the mechanical behaviour of granular 

materials, particularly under shear deformation with DEM and the packing densification process 

of wheat particles. The findings of this research have practical implications for fields like civil, 

agricultural, industrial engineering, and geology. By proposing strategies to improve the accuracy 

of measuring wheat packing density, this study contributes to optimising industrial processes 

involving granular materials. It lays the foundation for future advancements in the field. 

Overall, this research illuminates the mechanical behaviour of solid particles and their applications 

in various sectors. It provides valuable insights into the behaviour of granular materials under 

different conditions, paving the way for advancements in civil engineering, geotechnical 

engineering, and material science. 
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3 MATERIALS AND METHODS  

3.1 Introduction:  

The methodology chapter presents the framework and procedures used to investigate the 

mechanical behaviour of granular materials and examine the effect of particle indexes on their 

response, as well as the combined effect of mechanical vibration and normal stress on the packing 

densification of wheat particles. This chapter outlines the experimental and numerical methods 

employed in the study and provides a comprehensive overview of the data collection, analysis, and 

interpretation processes. By detailing the testing procedures, particle index calculations, and the 

combined effect study, this chapter aims to ensure transparency and reproducibility in the research 

methodology. 

The following sections will discuss the direct shear test, evaluation of particle indexes, analysis of 

mechanical behaviour, the combined effect of normal stress and mechanical vibration, analysis of 

the applied parameters, and statistical analysis. Each section will outline the specific techniques 

and approaches to address the research objectives and answer the research questions. 

The direct shear test section focuses on the theoretical setup of the experiment, test procedure, and 

data collection during the shear testing of granular materials. It describes the boundary conditions 

and loading configuration applied to the test specimens and explains the measurements and 

observations recorded during the tests. 

The section on evaluating particle indexes elaborates on their definitions and calculations, 

including the sphericity index SPH, Aspect Ratio AR, size index SI, and triple particle size index 

TPSI. This section presents the methodologies employed to quantify these indexes and highlights 

their significance in understanding the mechanical behaviour of granular materials. 

The analysis of the mechanical behaviour section examines the relationship between particle 

indexes and various mechanical properties of granular materials. It investigates the influence of 

particle indexes on shear stress, particle rotation, volumetric strain, coordination number, shear 

zone thickness, etc. This section discusses the analytical approaches to assess these relationships 

and presents the corresponding results. 

The combined effect of normal stress and mechanical vibration section describes the experimental 

setup and procedure for examining the packing densification of wheat particles under the influence 

of normal stress and mechanical vibration. It outlines the selection of normal stress levels and 

vibration amplitudes and the data collection and analysis techniques used to evaluate the combined 

effect. 

The analysis of the applied parameters section investigates the intensity effect of the used 

parameters, explicitly focusing on the effects of vibration amplitude and normal stress. This 

section discusses the methodologies employed to analyse and interpret the results obtained from 

the experimental and numerical investigations. 

Lastly, the statistical analysis section covers the uncertainty analysis and sensitivity analysis 

conducted to evaluate the robustness and reliability of the research findings. It explains the specific 

statistical techniques employed, such as the Grubbs test and the Morris method, to assess 

uncertainties and quantify the sensitivity of the model output to input parameters. 

In summary, this chapter provides a detailed account of the methodology employed in the research, 

encompassing experimental testing, numerical analysis, particle index evaluation, combined effect 

study, analysis of applied parameters, and statistical analysis. By following this methodology, the 

study aims to contribute to understanding granular material behaviour and provide valuable 

insights for practical applications and future research endeavours. 
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3.2 Discrete Element Method  

3.2.1 Software and Applications 

The commercial software EDEM® is commonly used for DEM simulations, employing the "Hertz 

Mindlin No-Slip" contact model (DEM Solution. EDEM 2.7.0 User Guide. Edinburgh). It 

facilitates particle motion analysis in various scenarios, including examining vibration effects and 

flow patterns in silos. The software considers particles' shape and micro-mechanical properties to 

represent their behaviour accurately. 

Therefore, software like EDEM® has been used and utilised by employing the DEM approach, 

setting the model, and specifying appropriate simulation parameters. The mechanical behaviour of 

granular materials can be effectively analysed, providing valuable insights for various applications 

and processes. The calculation is done by a loop that iteratively applies Newtonian equations of 

motion to compute particles' acceleration, velocity, and displacement. The contact forces and 

torques between particles and walls and among particles are determined based on their interactions 

and recent displacements. This comprehensive approach enables the accurate description of bulk 

material flow and the behaviour of particles over time. 

3.2.2 Time-Step and Shear Velocity Selection 

Choosing time step and shear velocity in our DEM simulations ensures numerical accuracy and 

stability. Here, we provide details on the time step selection process and the rationale behind the 

shear velocity chosen for our simulations. 

Time Step Selection 

The time step in DEM simulations plays a crucial role in capturing the dynamic behaviour of 

particulate systems while maintaining numerical stability. To determine an appropriate time step, 

we calculated the Rayleigh time step (T Rayleigh), as present in Equation 3.1, which represents 

the theoretical maximum time step for a quasi-static particulate collection. 

𝑇𝑅𝑎𝑦𝑙𝑒𝑖𝑔ℎ =
𝜋 𝑅 √

𝜌
𝐺

0.1631 𝜐 + 0.8766
 

3.1) 

R represents the average particle radius, ρ denotes the particle density, G represents the particle 

shear stiffness, and υ is Poisson's ratio. A time step below the Rayleigh time is generally preferred 

to minimise errors (Yan et al., 2015; Keppler et al., 2016; Garneoui, 2020).  

For our simulations, we utilised 20% of the Rayleigh time step (0.2 TR) as the time step, which is 

suitable for systems with a coordination number above 4. resulting in the use of a time step of     

4.5 × 10-6 s, ensuring accuracy and stability throughout the simulations. 

Shear Velocity selection  

The shear velocity parameter determines the rate at which the lower container moves during the 

shearing process. This parameter is critical for capturing the particles' essential behaviours while 

ensuring numerical stability. 

In our simulations, the shear velocity was set to 12 mm/s, which was chosen to expedite the 

analysis while still accurately representing the particles' behaviour. This velocity was carefully 

selected to maintain numerical stability, as evidenced by the consistent behaviour of the particle 

system throughout the simulations. Specifically, no excessive deformation or instability was 

observed in the model, and the total number of particles remained constant from the beginning to 

the end of the simulations, indicating the stability of the simulation model under this shear velocity 

condition. 
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3.2.3 Contact Model 

The contact model plays a crucial role in DEM simulations as it governs the interactions between 

individual particles. In our study, we utilised the Hertz Mindlin (no slip) contact model due to its 

accuracy and efficiency in force calculation. This contact model is the default choice in EDEM 

software and provides reliable results for various applications. 

The Hertz-Mindlin contact model incorporates normal and tangential forces based on well-

established principles. The normal force component is derived from Hertzian contact theory, as 

proposed by (Hertz, 1881). Meanwhile, the tangential force model is based on (Mindlin, 1949; 

Mindlin and Deresiewicz, 1953) work, with damping components incorporated to account for 

energy dissipation during collisions. 

Additionally, the contact model considers factors such as the coefficient of restitution, which 

influences the damping coefficient in both normal and tangential forces. The tangential friction 

force follows the Coulomb law of friction model proposed by (Cundall and Strack, 1979) while 

rolling friction is implemented using a contact-independent directional constant torque model. 

During collisions, particle deformation is modelled as overlap, where the contact models determine 

the magnitude of forces based on the amount of overlap between particles. These models consider 

material and interaction properties defined by the user, including shear modulus and friction 

coefficients. Figure 3.1 represents this process. 

While the contact models are primarily developed for spherical contacts, they can be adapted to 

model elastic or plastic collisions for cohesive and non-cohesive materials, providing a versatile 

framework for studying granular materials. 

 

Figure 3.1. Hertz-Mindlin (no slip) contact model. A typical dependence of normal force on the 

normal overlap is depicted with an example of two colliding spheres. (DEM Solution. EDEM 

2.7.0 User Guide.) 

3.3 Simple Shear Test Modell 

The direct shear test was conducted using an EDEM® numerical simulation approach. This section 

provides an overview of the direct shear test procedure used in the numerical experiments to 
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investigate the mechanical behaviour of granular materials under different loading conditions. It 

involves simulating the response of granular material under controlled shear displacement or shear 

stress using the EDEM® software. 

3.3.1 Test Setup and Particle Bed Preparation 

The test setup and particle bed preparation process are critical aspects of conducting accurate 

numerical simulations to investigate the mechanical behaviour of granular materials using the 

EDEM® software. Therefore, several model settings and parameter selections have been 

considered, as mentioned in the upcoming sections. 

3.3.1.1 Model Setup 

Our study chose the simple shear test (SST) as the primary method to investigate the relationship 

between particle size and shape and particle assemblies' macro and micro behaviour. This choice 

was made due to the simplicity and effectiveness of the SST in capturing critical aspects of particle 

interactions under shear-loading conditions. However, while the SST provides valuable insights 

into the behaviour of granular materials, addressing the recommendation to explore particle 

indexes' impact on the particle set's failure curve is essential. 

Our research primarily focuses on understanding the micromechanical properties of particles 

rather than studying the relationship between micromechanical and macromechanical properties. 

Therefore, the exploration of failure curves, typically used to analyse macro mechanical properties, 

is not within the scope of our study. Instead, we aim to investigate micromechanical properties 

such as particle rotation, contact number, volumetric strain, and shear strength under the influence 

of particle geometry parameters such as sphericity index (SPH), size index (SI), and triple particle 

size index (TPSI) under validation of the numerical analysis of the failure curve. Therefore, a 

numerical model of the SST has been used in this study, as shown in Figure 3.2. 

 

Figure 3.2. Schematic of Shear cylinders geometry 

 

 

 

• In the simulations, a cylindrical domain was employed, characterised by a height of 225 

mm and varying radii of 35 mm and 52 mm. 

• The cylindrical domain was divided into a lower part (75 mm in height) and an upper part 

(150 mm in height). 
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• The lower part was set to move horizontally, while the upper part remained fixed in all 

directions. 

• Normal stresses were applied to the particle bed using a large sphere with controlled 

variable densities, allowing various normal stresses to be applied to the bed. 

3.3.1.2 Selection of Loading Tool 

The choice of loading tool in shear tests is a critical aspect of the experimental setup, as it directly 

impacts the behaviour of the particulate system under shear. Our study considered carefully 

selecting the appropriate loading tool to mitigate potential issues such as the locking volume 

problem. 

Mitigation of Locking Volume Problem 

In our case, the large ball's spherical shape of the loading tool played a crucial role in mitigating 

the locking volume problem during shear tests. Unlike a flat compression plate, which could 

restrict the expansion of particles and lead to locking between the shear cell and the dead weight, 

the spherical shape of the loading tool provided greater freedom of movement. 

During the initial settling phase, the large ball applied the normal load to the particles and settled 

on the top of the particle pile. At the subsequent shearing stage, as the particles began to rotate in 

the shearing zone, the total volume occupied by the particles in the container increased. This 

expansion pushed the large ball upward, allowing the particles to redistribute and accommodate 

the changing volume. 

In contrast, using a flat plate to apply the normal load would have limited the total volume occupied 

by the particles, leading to a constant volume throughout the shearing process. That would have 

increased the normal load applied to the particles, contradicting the test procedure for studying 

shear stress under a continuous, steady, normal load condition. 

Advantages of Using a Large Ball 

Using a large ball to apply the normal load offered several advantages in our experimental setup. 

To begin with, it ensured a steady normal load during the shearing process, maintaining 

consistency in experimental conditions. Additionally, tracking the movement of the large ball 

allowed us to study volumetric strain, which represents the change in the total volume occupied 

by the particles in the container. That provided valuable insight into the behaviour of the particulate 

system under shear. 

3.3.1.3 Model specifications 

Previous researchers have validated the micromechanical parameters used for modelling through 

model dryer experiments and silo outflow tests, which are more dynamic than the simple shear test 

(SST) used in our study. Despite the differences in testing methodologies, our numerical model 

still yields stable and reliable results. The relationships between particle geometry and resulting 

micromechanical properties are well-established within the context of our numerical simulations. 

We plan to analyse failure curves to broaden our findings further and ensure the generalizability 

of our numerical model results. This additional analysis will enable us to examine the impact of 

particle geometry on shear strength and compare compressional stress ranges to the modelled shear 

stress. By conducting these additional analyses, we aim to comprehensively understand particle 

behaviour under various loading conditions and validate the relationships found in our numerical 

simulations. 

The cylindrical domain was partitioned into two distinct sections: a lower segment measuring 75 

mm in height and an upper segment spanning 150 mm in height. The decision to allocate 

considerable height to both containers was intentional and stemmed from the nature of our 

simulation model. In our model, the normal load is exerted on particles via a big spherical particle, 
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propagating the applied normal load in an arc shape through the particle beneath. Therefore, the 

most significant impact of the normal load is at the centre of the cylindrical container, with a 

reduction in the normal load as moving away from the central axis. Our model was designed with 

relatively elevated heights to ensure a more uniform distribution of the applied load across the 

particles, eliminating this problem. The increased height of the upper container serves to 

counteract the curvature of the loading wave, facilitating a more uniform application of load as it 

propagates away from the source—the large spherical particle. The purpose of the heightened 

lower containers is to afford the particles greater freedom of movement. A diminished height for 

the lower container would close its bottom to the shear zone, potentially impeding particle 

movement during shearing and increasing the risk of mechanical particle interlocking. 

Additionally, the cylinder domain with a radius of 35 mm was utilised in simulations employing 

SPH and SI due to their relatively small size. 

Conversely, for the TPSI simulations, a cylinder domain with a radius of 52 mm was used, ensuring 

adherence to a minimal recommended shear cell dimension, ideally seven times larger than the 

particle size. Given that the most extended TPSI particle utilised was 8 mm, the smaller radius 

container could accommodate a maximum of nine such particles, thus reaching its capacity limit. 

Consequently, adopting the second model with a radius of 52 mm was deemed imperative to 

mitigate the heightened risk of mechanical particle interlocking. 

3.3.1.4 Bed Preparation 

• A defined number of particles with similar shapes and sizes were generated for each 

simulation case. 

• The particles were packed into the cylindrical container under the influence of gravity and 

allowed to settle until the bed reached a state of repose. 

• This initial state of the particle bed was considered for all the simulation cases. 

3.3.1.5 Simulation Stages 

• The simulation scenarios were executed in four stages to represent particle behaviour 

accurately. 

• Stage 1: Rapid particle generation - Particles were rapidly introduced into the cylinder, 

resulting in an elevated level of particle contact due to the dominant kinetic energy, as 

shown in Figure 3.3a. 

• Stage 2: Settling time - The generated particles require settling time to reach a state of null 

kinetic energy, as shown in Figure 3.3b. 

• Stage 3: Vertical and horizontal loading - The material bed was subjected to a vertical load 

by allowing a ball with a diameter similar to the cylinder diameter to fall onto the particle 

bed, as shown in Figure 3.3c. The adjustable density of the ball enabled the application of 

various vertical loads. The spherical shape of the loading tool (ball) helped mitigate the 

locking volume problem during shear tests. 

• Stage 4: A direct shear test was performed by displacing the lower cylinder horizontally 

while maintaining the vertical load constant. Figure 3.3d illustrates the last simulation stage 

of the test. 

After generating the particle bed and ensuring the particles are settled to reach zero kinetic energy, 

the next stage involves applying the normal load to the bed using the loading ball. The settling 

time for the big ball was empirically determined to be 1 s, allowing sufficient time to settle down 

and reach zero kinetic energy before the shearing stage begins. 

A simulation timeline has been included to understand the simulation process comprehensively 

(see Figure 3.4). This timeline illustrates the different stages of the simulation, starting with 

particle generation and settling, followed by the large practical application of the normal load. The 
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shearing stage commences after the settling time of one second, during which the big ball reaches 

zero kinetic energy. 

Including the simulation timeline, the figure enhances the clarity and transparency of the 

simulation process, facilitating a better understanding of the experimental setup and methodology 

employed in our study. 

 

(a)                                                                     (b) 

 

(c)                                                            (d) 

Figure 3.3. Shear box Simulation and assembly generation Stages (Stages a to d)  
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Figure 3.4. The kinetic energy of the system during the simulations 

3.3.2 Micromechanical model parameters 

Table 3.1 shows the micromechanical parameters of the DEM model used in simulation tests. 

Previous work (Keppler et al., 2012a; Oldal and Safranyik, 2015; Garneoui, 2020) has been used 

to achieve accurate results. 

Table 3.1. micromechanical parameters of the DEM model (Keppler et al., 2012b; Oldal and 

Safranyik, 2015; Garneoui, 2020) 

Name Ν G (MPa) 
ρ 

(kg/m3) 
Crp Crw μ0p μrp 

Particles 0.4 3.58*108 1430 0.5 0.6 0.3 0.01 

Wall 0.3 8*108 7500 0.6 - 0 0 

1. Poisson’s ratio ν: defined as the ratio of transverse contraction strain to longitudinal 

extension strain in the direction of the stretching force. 

2. Shear modulus G: defined as the ratio of shear stress F to the shear strain A, G = F/A, where 

shear stress is the components of stress at a point that act parallel to the plane in which they 

lie, and shear strain is the components of a strain at a point that produce changes in the 

shape of a body (distortion) without a volumetric change. 

3. Density ρ: defined as the weight per unit volume. 

4. Coefficient of restitution Cr represents the ratio of separation speed to the speed of approach 

in a collision. 

5. Coefficient of static friction μ0. 

6. Coefficient of rolling friction μr. 

3.4 Modelling of Particle Indexes 

This section evaluates various particle indexes to characterise the particles' shape properties on the 

macro and micromechanical behaviour of the direct shear tests. These indexes provide quantitative 

measures that help understand particle behaviour and its suitability for specific applications. The 

following subsections describe the definition and calculation methods for three particle indexes: 
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The Sphericity Index (SPH) and the Aspect Ratio (AR) quantify the roundness or elongation of 

particles. The Size Index (SI) represents the particle size, and the Triple Particle Size Index (TPSI) 

captures the variation in size for specific particle assemblies. 

3.4.1 Modelling of Sphericity Index SPH and Aspect Ratio AR 

The Sphericity Index (SPH) is a fundamental metric employed to assess the roundness of particles, 

signifying the degree to which a particle's shape resembles a complete sphere. Traditionally 

evaluated based on specific shape characteristics, particularly the ratio of a particle's volume to the 

volume of the smallest circumscribing sphere, SPH plays a crucial role in understanding granular 

materials' packing and flow behaviour (Danesh et al., 2020). In our study, we extended this concept 

by using another approach, as depicted in Figures 3.5 and 3.6, building upon the foundation laid 

by previous researchers. 

 

Figure 3.5. Sphericity Index Variations, according to (Danesh et al., 2020). 

In Figure 3.5, the sphericity index, as (Danesh et al., 2020) studied, is presented for different 

particle numbers, providing a benchmark for comparison. A clump of double particles was 

employed to achieve a more uniform representation, systematically varying the particle sphericity 

by increasing the distance between the centres of the double particle clump, as shown in Figure 

3.7. 

In addition to SPH, the particle elongation can be quantified using another particle index called 

the Aspect Ratio (AR). The Aspect Ratio is defined as the ratio of b/a, as illustrated in Figure 3.6, 

where b is the length of the minor axis, and a is the length of the central axis of the particle (Yang 

et al., 2012; Xie et al., 2017).  
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Figure 3.6. Particle Aspect Ratio (Xie et al., 2017) 

 

Figure 3.7. Studied Sphericity SPH and aspect ratio AR  

The simulations encompassed five distinct particles, each characterised by varying AR, as 

demonstrated in Figure 3.7. Our modified sphericity index values for the selected particles were 

100%, 98%, 94%, 88%, and 81%, corresponding to AR values of 1, 0.8, 0.667, 0.571, and 0.513, 

respectively. They maintained uniform particle size across all simulations (with a radius of 1mm) 

and minimised gradation effects. The distance between double particle centres was set as 0mm, 

0.5mm, 1mm, 1.5mm, and 1.9mm for each simulation repetition, as illustrated in Table 3.2. 

Table 3.2. assemblies with varying SPH  

SPH Value 

(%) 

Particle 

Aspect Ratio 

AR 

Number of 

Particles 

The length of the 

central axis a (mm) 

The length of 

the minor axis b 

(Diameter)(mm) 

100 1 80000 2 2 

98 0.8 62000 2.5 2 

94 0.67 51500 3 2 

88 0.57 43000 3.5 2 

81 0.51 40000 3.9 2 

The simulated direct shear tests were conducted under various vertical stresses. The particle model 

incorporated different particle indexes, with the SPH and AR indexes providing a quantitative 

analysis of the particle shapes. The AR values ranged between one, representing a complete sphere, 

and 0.51, representing an elongated particle encompassing various practical shapes. Each AR 

configuration was subjected to four different vertical loads (1900, 4150, 5500 and 7800 Pa), 

resulting in twenty simulations due to the five different AR configurations. 

This innovative approach broadens the scope of understanding particle shape dynamics and 

contributes to knowledge in granular material mechanics. 
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3.4.2 Modelling of Size Index SI 

The Size Index (SI) is a crucial parameter for assessing the particle size distribution within granular 

materials. It is determined by measuring the diameter or radius of individual particles. This study's 

SI values of 50%, 75%, 100%, 125%, and 150% were defined to investigate the influence of 

different particle sizes on mechanical behaviour (Talafha et al., 2022). 

Figure 3.8 depicts the defined SI for a five-particle configuration used in the simulations (Size 

Indexes = 150%, 125%, 100%, 75%, and 50%, respectively). 

 

Figure 3.8. Studied Size index SI 

The particle size remained constant throughout all simulations to minimise any degradation 

effects. However, the particle radius and distance between the centres of particles varied for each 

simulation repetition: R= 1.5mm, 1.25mm, 1mm, 0.75mm, and 0.5mm. For each simulation 

scenario, particles of specific shapes and sizes were generated. The assemblies with SI=50% 

consisted of 596,000 particles, SI=75% assemblies had 280,000 particles, SI=100% assemblies 

had 110,000 particles, SI=125% assemblies had 60,000 particles, and SI=150% assemblies had 

32,000 particles. The identical SI particles compacted by normal gravity forces fill the shear 

cylinder to ensure a meaningful comparison, and this process was repeated for each simulation, as 

shown in Table 3.3. 

Table 3.3. assemblies with varying SI 

SI Value (%) Number of Particles 
Distance between Double 

Particle Centres (mm) 

Particle Size 

(Radius) 

(mm) 

50 596000 0.5 0.5 

75 280000 0.75 0.75 

100 110000 1 1 

125 60000 1.25 1.25 

150 32000 1.5 1.5 

Moreover, to maintain the same particle shape, the ratio distance between the centres of the clumps 

(sphericity index=88%) was kept constant. Each SI was subjected to four different vertical loads, 

leading to twenty simulations due to five different SI configurations. 

3.4.3 Modelling of Triple Particle Size Index TPSI 

The Triple Particle Size Index (TPSI) is introduced to analyse the variation in particle size within 

specific assemblies. It considers the size distribution by incorporating three different particle sizes. 

By characterising the triple size variations, we can investigate the impact of particle size 

heterogeneity on the behaviour of granular materials (Talafha and Oldal, 2022). 

Figure 3.9 depicts the defined TPSI for a three-particle configuration used in the simulations 

(Triple particle Size Indexes = 100%, 125%, and 150%, respectively). 
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Figure 3.9. Studied triple particle size index TPSI 

Various assembly series were performed for the different triple particle size index values under 

two different vertical stresses (4 kPa and 8 kPa) to examine the effects of normal load and Size 

Index on the mechanical properties of the model. Each repetition involved generating particles 

with the same shape and size, resulting in assemblies with specific particle distributions. The SI = 

100% assembly contained 55,000 particles, the SI = 125% assembly had 28,000 particles, and the 

SI = 150% assembly contained 16,000 particles. The normal gravity forces were applied to 

compact the particles within the shear cylinder, enabling successful sample comparisons, as shown 

in Table 3.4. 

Table 3.4. assemblies with varying TPSI 

TSI Value 

(%) 

Number of 

Particles 

Distance between Particle 

Centres (mm) 

Particle Size (Radius) 

(mm) 

100 55000 1.7 1 

125 28000 2.125 1.25 

150 16000 2.55 1.5 

3.4.4 Summary  

By considering various particle indexes, including the Sphericity Index (SPH), Aspect Ratio (AR), 

Size Index (SI), and Triple Particle Size Index (TPSI), along with the defined simulation 

parameters and settings, we can conduct a comprehensive analysis of the granular material's 

mechanical behaviour and its dependence on different particle characteristics. 

3.5 Combined Effect of Normal Stress and Mechanical Vibration 

In this section, we investigate the combined effect of normal stress and mechanical vibration on 

the behaviour of granular materials, with a specific focus on wheat particles. The experimental 

design comprises two distinct segments to assess the impact of the studied parameters on wheat 

packing density and develop a new exponential model to predict the effect of normal stress and 

vibration amplitude. 

3.5.1 Experimental Setup for Combined Effect Study 

The experimental setup for investigating the combined effect of normal stress and mechanical 

vibration was meticulously designed to provide insights into particle packing density under 

dynamic loading conditions. It involved a commercial vibration table reminiscent of a 3D vibrator 

used in prior research on the densification of various granular materials such as spheres, cube-

sphere combinations, and mono-sized cylinders (Milewski, 1973; Yu et al., 1993; Zhang et al., 

2006; Gámez et al., 2013). This vibration table, presented in Figure 3.10, featured a PMMA 

container with a 36mm inner diameter filled with 115g of wheat particles. An accelerometer was 

affixed to the vibration table to accurately measure the frequency and amplitude of the applied 

vibration. The experiments were organised into four groups, each subjected to various levels of 

normal stress (free load, 13.3kPa, 22.9kPa, and 42.3kPa) and five different vibration amplitudes, 

ranging from 0 to 6.7mm. Each test was repeated three times to ensure reliable data collection, 

yielding approximately eighteen readings for each group, as depicted in Figure 3.11. Careful 
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consideration was given to standardising these factors to address potential variations in initial 

packing density due to pouring parameters such as drop height, concentricity, and opening orifice. 

Specifically, the drop height, concentricity, and opening orifice were fixed for the entire 

experiment to minimise variability in initial packing density. 

 

Figure 3.10. (a) the schematic graph of the vibration device. (b) the experimental device after 

mounting the PMMA container, weights, accelerometer and filled wheat particles. 

 

Figure 3.11. Model test configurations 



41 

Before applying vibration and normal stress, the initial height of wheat particles in the container 

was measured to determine the initial wheat packing density. The vibrator utilised in the study 

allowed precise control of vertical (Z direction) vibrations with a constant frequency of 50 Hz, 

achieved through a steady RPM. Analysis of the vibration data revealed that vertical amplitude 

exhibited a predominant influence compared to vibrations recorded in the horizontal (X and Y) 

directions. Table 3.5 presents an example of low and high-vibration tests. 

Table 3.5. The vibration amplitude in the three axes. 

Hence, this investigation focused on the vertical direction (z-axis) due to the negligible amplitude 

of vibrations in the horizontal directions (x and y). 

The vibration displacement was mathematically defined by Equation 3.2: 

𝑆 = 𝐴 sin  (2 𝜋 𝑓 𝑡 + 𝛷) 3.2) 

Where the displacement S [mm], the amplitude in the z-direction A [mm], the vibration frequency 

f  [Hz], and the vibration time t [s], along with the primary phase (Φ), are critical parameters in 

the experimental process that directly influence the packing density of wheat. Further details 

regarding the vibrator can be found in Figure 3.10.  

Before experimentation, the container was thoroughly cleaned with water and dried in an oven set 

at 60°C. Subsequently, the wheat particles were weighed using an electronic scale and carefully 

placed into the container to establish the initial packing structure and prevent segregation. The 

average height of the initial packing structure at various locations was measured, and equation 3.3 

was employed to estimate the initial packing density (ρ). 

𝜌 = 𝑉𝑃 𝑉𝐶 =
𝑚𝑃 𝜌𝑃⁄

(𝜋 ∗ 𝐷2 4⁄ )∗�̅�
⁄  3.3) 

In this study context, the packing density ρ [-] is defined as the ratio of the volume of the particles. 

𝑉𝑃 [m3] to the volume the particles occupy in the container 𝑉𝐶 [-]. The mass of particles 𝑚𝑃 [kg], 

while the density of particles  𝜌𝑃  [kg/m3] The mean height of the packing structure  �̅�  [m]; 

moreover, the inner diameter of the container is represented as D [m]. 

The wheat particle density utilised in Equation 3.3 was determined experimentally using a specific 

procedure to account for variations in particle volume due to physical behaviours such as moisture 

content. Initially, a constant weight of 115g of wheat was used in the experiments. It was necessary 

to determine the volume they occupied in the container to calculate the density of the wheat 

particles. That was achieved by pouring enough water into the container to fill the gaps between 

the wheat particles, as illustrated in Figure 3.12. The mass of the poured water and the volume 

occupied in the container were measured. The volume occupied by the wheat particles alone was 

obtained by subtracting the water volume from the water-wheat mixture's total volume. The 

volume of water filling the gaps between the wheat particles was determined by dividing the mass 

of the water by its density. The wheat particle density was calculated by dividing the wheat mass 

by its volume, Using the mass and volume of the wheat particles. Mathematically, this process can 

be represented as follows: 

Wheat Particle Density = (Mass of Wheat) / (Volume of Wheat) 

3D directions z-direction y-direction x-direction 

Low amplitude test 2.4 mm 0.65 mm 0.2 mm 

High amplitude test 6.6 mm 0.65 mm 0.2 mm 
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Volume of Wheat = Total Volume - Volume of Water 

Volume of Water = (Mass of Water) / (Density of Water) 

Density of Wheat = (Mass of Wheat) / (Total Volume - (Mass of Water) / (Density of Water)) 

 

 

Figure 3.12. The total volume of the wheat and the water mixture (left-hand side) compared to 

the volume occupied by the wheat particles’ structure (Fennis et al., 2013) 

This method ensured that our wheat particles' density matched how they behaved in our 

experiments. We did this at the very end of all our tests to accurately determine the wheat particles' 

density. Then, we calculated the wheat's packing density by measuring the wheat pile's height at 

the beginning and end of each test. Moisture content can affect how much space the particles 

occupy and how tightly they're packed. For instance, more moisture can cause the particles to 

swell, creating more gaps between them and reducing packing density. Conversely, less moisture 

can shrink the particles, causing them to fit together more tightly and increase packing density. 

Therefore, the moisture content has an insignificant effect on our results. 

3.5.2 Test Procedure 

The experimental procedure for the combined effect study entails two distinct protocols. Wheat is 

introduced into a container, and the initial grain height is meticulously measured to establish the 

initial packing density. Specific parameters are selected, including normal stress vibration 

amplitude (ranging from 0 to 6.7 mm). The experiment unfolds over a total period of 10s, divided 

into discrete 1s intervals. Throughout each second, the vibration table is activated for 1s and then 

deactivated, with the resulting packing density recorded meticulously. This process iterates every 

second until the completion of the 10s experimental period. Each run is replicated three times to 

ensure data reliability and mitigate potential human errors. Figure 3.13 illustrates the flowchart 

processes of the first experiment. During the test procedure, meticulous care was taken to replicate 

the initial packing density for each experiment. That involved remaking the procedure by refilling 

the container using the filling cone. Adherence to standardised pouring processes and consistent 

parameters, such as drop height and opening orifice, facilitated achieving the same initial packing 

density for all experiments. Using the filling cone was pivotal in eliminating potential variations 

in initial packing density, ensuring the reliability and reproducibility of the experimental results. 
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Figure 3.13.The flowchart processes of the first experiment. 

The second experimental protocol mirrors the first, with a significant deviation in the testing 

approach. Following the initial measurement of the wheat's packing density, the vibration table 

operates continuously for 10s. Upon deactivating the vibration table, the final packing density is 

meticulously gauged. The fixed frequency ω is maintained at 50 Hz throughout these experiments, 

and the container's inner diameter (D) remains at 36 mm. Additionally, dead weights, including 

free weight, 1.375 kg, 2.380 kg, and 4.390 kg, are employed in the experiments. The variable 

parameters are the vibration amplitude A and the use of dead weights, which are systematically 

varied while keeping other conditions constant. This precise methodology, depicted in Figure 3.14, 

comprehensively evaluates each component's influence on wheat's packing density. 

 

Figure 3.14.The flowchart processes of the second experiment. 

3.5.3 Data Collection and Analysis 

Data collection includes measuring the packing density of wheat particles during each second of 

the experiment to evaluate the impact of varying parameters on the final packing density. The 

obtained packing density values are analysed based on a predefined set of operating parameters, 
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including vibration amplitude, frequency, and normal stress levels. Statistical methods and data 

visualisation techniques are employed to identify patterns and trends in the experimental results. 

3.5.4 Analysis of the Applied Parameters 

In the conducted experiments, the investigated parameters include the variable parameter A 

(vibration amplitude ranging from 0 to 6.7 mm), the fixed frequency ω (set at 50 Hz), the container 

with inner diameter D of 36 mm, and the use of dead weights (including free weight, 1.375 kg, 

2.380 kg, and 4.390 kg), each parameter is varied individually to evaluate its influence on the 

packing density of wheat while keeping the other parameters constant. Figure 3.15 shows the dead 

weight used in the experiment. 

 

Figure 3.15. The experiment deadweights 

The experimental results are analysed to understand the interaction between normal stress and 

mechanical vibration on wheat packing density. The impact of each parameter and their combined 

effect on the packing behaviour of wheat particles is assessed. The proposed exponential model is 

validated to predict the packing density under different loading conditions. 

In conclusion, the "Combined Effect of Normal Stress and Mechanical Vibration" section presents 

the experimental setup, procedure, data collection, and analysis for investigating the interaction 

between normal stress and mechanical vibration on the packing density of wheat particles. The 

results and insights gained from this study contribute to a better understanding of granular material 

behaviour under realistic loading conditions. They can be applied to optimise various industries' 

material design and process parameters. 

3.5.5 Statistical Analysis 

Considering the presented information, uncertainty analysis plays a pivotal role in comprehending 

the accuracy and reliability of the data obtained in our wheat packing density study. Using various 

analytical techniques, such as the Grubbs test, we identified and eliminated outliers from the 

dataset, thus ensuring the utmost precision in our results. As depicted later in Figure 4.38, the 

uncertainty of wheat packing density is illustrated for different applications of normal stress with 

the applied amplitude, and the highlighted area within the fitted line represents the corrected 

standard deviation for the collected data. 

It is noteworthy that sensitivity analysis is also paramount in assessing the influence of diverse 

parameters on the obtained outcomes. By conducting a comprehensive uncertainty and sensitivity 

analysis, we can establish the robustness and reliability of our findings, thereby providing valuable 

insights for future research and practical applications in this field.  
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3.5.5.1 Uncertainty Analysis 

Uncertainty analysis evaluates the precision and reliability of our experimental measurements and 

data processing. This study uses the Grubbs test to detect and remove outliers from the collected 

dataset. We eliminate outliers and ensure the calculated packing density values accurately 

represent the experimental conditions. 

The uncertainty analysis enhances the credibility of our findings, allowing us to make meaningful 

comparisons and draw reliable conclusions from the experimental data. It also provides valuable 

information for assessing the variability in the results and guiding future research efforts. 

3.5.5.2 Sensitivity Analysis 

Sensitivity analysis is a vital component of our investigation, which aims to understand the impact 

of varying input parameters on the packing density of wheat particles. In this study, we adopted 

the Morris method for sensitivity analysis, which involves systematically varying the model's input 

parameters within predefined ranges and observing the resulting output. 

The Morris indices were calculated to quantify the sensitivity of the model output to each input 

parameter, and the parameters were ranked based on their relative importance. 

4 RESULTS AND DISCUSSION 

4.1 Introduction 

In this Chapter, we explore the influence of shape indexes on granular materials, beginning with 

an in-depth analysis of the failure curve (4.2). We dissect the failure curve to understand how 

particle cohesion and internal friction angle vary concerning the shape indexes, particularly SPH 

and SI. Transitioning to examining shear stress patterns (4.3), we delve into the variations observed 

under different shape indexes, including SPH, AR, SI, and TPSI. Subsequently, we investigate the 

behaviour of volumetric strain (4.4) to discern how particle morphology impacts material 

volumetric strain, shedding light on the intricate interplay between shape indexes and volumetric 

behaviour. Moving forward, we explore average contact numbers (4.5) and contact force chain 

dynamics (4.6), unravelling the complex relationships between particle shape and contact 

behaviour. Additionally, we scrutinise shear zones and particle rotations (4.7), elucidating the 

unique imprints left by shape indexes on shear behaviour. Finally, we unravel the combined effect 

of normal stress and mechanical vibration on wheat packing density (4.8), providing valuable 

insights for granular material engineering. While acknowledging the limitations of our study, we 

chart future research paths, aiming to advance our understanding of granular material behaviour 

and its practical implications. 

4.2 Failure Curve Analysis 

Failure curve analysis is pivotal to understanding the mechanical behaviour of granular materials 

under shear loading conditions. In this section, we delve into drawing and interpreting the failure 

curve, clarifying the calculation of cohesion and internal friction angle and analysing the influence 

of shape indexes, specifically the Sphericity Index (SPH) and Size Index (SI). 

Analysing the Influence of Shape Indexes 

We conducted three experiments for each index to investigate the influence of shape indexes, 

namely SPH and SI, resulting in four figures 4.1- 4.4 illustrating the relationship between shear 

stress and shear strain. The first two figures, 4.1 and 4.2, depict the response of SPH 81% and SI 

100% samples to multi-normal stresses of 50, 75, and 100 kPa for SPH and 30, 45, and 60 kPa for 

SI. Subsequently, by averaging the data points from the three experiments at quasi-static state 

conditions, the following figures, 4.3 and 4.4, present the failure curves, showcasing the 

relationship between shear stress and normal stress for SPH 81% and SI 100% samples. 



46 

We can see that the quasi-static condition dominant after the assembly surpasses the peak shear 

stress and reaches the stable shear stress with the shear strain. 

 

Figure 4.1. relationship between shear stress and shear strain for the SPH under multi-normal 

stress 

 

Figure 4.2. relationship between shear stress and shear strain for the SI under multi-normal stress 
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Figure 4.3. SPH failure curve 

 

Figure 4.4. SI failure curve 

Calculation of Cohesion and Internal Friction Angle 

The failure curve analysis provides insights into granular materials' shear strength and flow 

behaviour, deriving two fundamental parameters: cohesion (c) and internal friction angle (φ). 

Cohesion (c) signifies the intercept of the failure curve with the shear stress axis (τ-axis) under 

zero normal stress (σ = 0). Mathematically, cohesion is expressed as: 

c = lim(σ→0) τ 

The internal friction angle (φ) is determined by the slope of the failure curve in the Mohr-Coulomb 

representation and can be calculated using the formula: 

ϕ = tan-1(Δτ/Δσ) 

y = 0.5842x + 5094
R² = 0.9994
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Here, Δτ represents the change in shear stress, and Δσ indicates the change in normal stress 

between two data points on the failure curve. From Figures 4.3 and 4.4, we compute the internal 

friction angle (φ) and cohesion (c) as follows: 

For SPH: 

ϕ = tan^(-1) * 0.5842 

ϕ = 0.5287 rad 

ϕ = 0.5287 * 180 / π 

ϕ = 30.3° 

Similarly, for SI: 

ϕ = tan^(-1) * 0.4956 

ϕ = 0.4601 rad 

ϕ = 0.4601 * 180 / π 

ϕ = 26.4° 

Cohesion is directly obtained from Figures 4.3 and 4.4 by extracting the shear stress value at the 

intersection point between the failure curve and the y-axis: 

For SPH: 

(c) = 5094 Pa 

For SI: 

(c) = 1703 Pa 

Interpretation of Results 

Analysing the figures and derived internal friction angle and cohesion values, we observe notable 

differences between the SPH and SI samples. The SPH sample exhibits a higher internal friction 

angle and cohesion, attributed to increased particle interlocking resulting from its elongated shape. 

In contrast, the SI sample's shape impacts shear stress by enhancing frictional contact areas 

between particles, resulting in a minor effect compared to the interlocking behaviour observed in 

SPH samples. Consequently, the higher cohesion observed in SPH samples compared to SI 

samples can be attributed to the superior particle interlocking behaviour inherent to long particles. 

4.3 Shear Stress Analysis 

This section intricately examines the relationship between the sphericity index (SPH), aspect ratio 

(AR), size index (SI), triple particle size index (TPSI), and shear stress within granular materials. 

The analysis delves deeply into the complex interplay between particle morphology and shear 

stress, especially when subjected to constant normal stresses. The "average shear force" calculation 

involved determining the residual shear strength under quasi-state shear conditions, offering 

insight into the average force required to sustain shear deformation within the system. Regarding 

the representation of results, while stress values could provide more detailed information by 

considering the cross-sectional area of shearing, our study primarily presents results in a force, 

following the default representation in the simulation program EDEM. We acknowledge that stress 

values might offer greater insight when considering the cross-section area of the model; however, 

delivering results in terms of force does not impede understanding, as it is a concept widely 

comprehended within the scientific community. 
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4.3.1 Influence of Sphericity Index (SPH) on Shear Stress 

Our investigation commences with a series of illustrative figures, brightly portraying shear stress 

variations concerning horizontal strain for particle samples characterised by diverse sphericity 

indexes under constant normal stresses. We derive the internal friction angle by employing the 

arctangent of the ratio of shearing stress to normal stress (φ = arctan(τ/σ)). 

Remarkably, our findings showcase an inverse correlation between the sphericity index and the 

internal friction angle. As sphericity decreases, the peak friction angle tends to reach its limit with 

significantly higher values. This sphericity reduction influences shear stress behaviour, 

particularly for 2D elliptical particles. Notably, previous research conducted by experts in the field 

has reported similar results for 3D ellipsoid multi-sphere assemblies (Rothenburg and Bathurst, 

1992; Gong and Liu, 2017). 

The impact of sphericity on particle specimens becomes even more pronounced. This phenomenon 

illustrates the increasing interlocking connections between particles under normal stress, with 

longer particles exhibiting more noticeable particle interlocking. For instance, under a normal load 

of 15N, we observed a substantial increase in shear load (from 5N to 9N) when transitioning from 

spherical (SPH = 100%) to non-spherical particles (SPH = 81%). However, it is noteworthy that 

the increase in shear stress diminishes for strongly spherical particles and vice versa. 

There was a necessity for a more thorough assessment of the influence of the sphericity index on 

particles' shear behaviour under constant normal stress. Figure 4.5 illustrates the sphericity index's 

impact on particles' shear stress. Lower sphericity index values enhanced interlocking among 

particles, increasing the shear stress. Additionally, figure 4.6 demonstrates that reduced stress on 

the particles led to the dilation of interlocking particles, consequently decreasing shear strength. 

Decreasing the sphericity index intensified particle interlocking, gradually raising shear stress. 

These tightly interlocked particles face difficulty moving against each other due to high normal 

stress, resulting in anisotropy. Reduced anisotropy in the sample correlates with a lower friction 

angle (Rothenburg and Bathurst, 1991). Moreover, the shear strength of particle samples increases 

with lower spheric particles. For instance, shear force rises by approximately 26% as particles 

transition from complete spherical particles (SPH = 100%) to particles with (SPH = 98%) under a 

normal load of 15N, as illustrated in Table 4.1. 
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Figure 4.5. Shear stress–shear strain curves of samples with various sphericity at a normal load 

of 15N 

 

Figure 4.6. Shear stress with various sphericity at original and double normal load 15 and 30 N 
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Table 4.1. Shear force corresponding to the SPH and AR at the original and double normal load.  

Sphericity 

index SPH 

% 

 

Particle 

Aspect Ratio 

AR 

Shear force 

N 

Shear force 

Increased 

percentage 

% 

 

Shear force 

for the 

double 

normal load 

N 

Increasing 

in shear 

percentage 

% 

 

100 1 5.588485 0.0 12.25857 0.0 

98 0.8 6.964829 24.6 15.4422 26.0 

94 0.67 8.469422 51.6 17.6862 44.3 

88 0.57 9.247369 65.5 19.58606 59.8 

81 0.51 10.04465 79.7 20.42614 66.6 

 

Figure 4.6 shows a nonlinear correlation between the sphericity index and shear force. An 

exponential model effectively uses the particle Aspect Ratio AR to capture and represent this 

nonlinearity. The Aspect Ratio is defined as the ratio of b/a, as illustrated in Chapter 3, where b is 

the length of the minor axis, and a is the length of the particle's central axis. 

 

Figure 4.7. The correlation between the sample's AR and shear force under a normal load of 15N 

Figure 4.7 visually presents the correlation between the sample's AR and shear force under a 

normal load of 15N. The figure introduces a new exponential model used to depict this correlation. 

The mathematical expression for this exponential model is detailed in Equation 4.1. 

𝑇𝐴𝑅 = 𝑐12 𝑁 ⅇ(−𝐴𝑅 𝑐11) 4.1) 

The shear aspect ratio 𝑇𝐴𝑅  [N] determines the shear force value through the function of AR [-]. 

The exponential function is characterised by two parameters, c11 [-] and c12 [-], shaping its 

behaviour. Additionally, N [N] represents the applied normal load to the particles. 

Moreover, figure 4.8 demonstrates the suitability of the exponential model in representing and 

predicting the correlation between shear force and the AR. The model's effectiveness is particularly 

highlighted by its ability to predict shear force values for the second data group. This group 

corresponds to tests conducted under a doubled normal load of 30N, while the first group 

represents tests conducted under the normal load of 15N. The model achieves a remarkable 
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coefficient of determination R2 value of 0.96, affirming its reliability in capturing the correlation 

under varied normal load conditions. Table 4.2 shows the R2 and the model parameter values. 

 

Figure 4.8 Shear force and the Aspect Ratio under the application of the exponential model 

Table 4.2. Aspect Ratio exponential model parameters 

Parameters c11 c12 R2 

Parameter 

values of the 

First 

experiment 15N 

0.19 1.2667 0.966 

Parameter 

values of the 

second 

experiment 30N 

0.19 1.2667 0.964 

 

Our exploration of the SPH and the AR influence on shear stress in granular materials offers a 

nuanced understanding of how granular materials' morphology shapes behave under varying 

normal stress conditions. 

4.3.2 Effect of Size Index (SI) on Shear Stress 

This section delves into the impact of Size Index (SI) on shear stress within granular materials. 

Illustrated graphs vividly demonstrate SI's effect on the relationship between horizontal strain and 

shear stress under a consistent normal stress rate. Calculating the internal friction angle using the 

arctangent of the shear stress ratio with the normal stress ratio (φ = arctan(τ/σ)) shows a clear 

positive correlation emerges between the internal friction angle and particle size, denoted by φ. 

The internal friction angle increases proportionally with particle size, indicating a considerable 

influence of the particle size on the shear strength. 

Comparative analysis of diverse particle samples underscores the profound impact of SI on shear 

strength characteristics. This phenomenon underscores the intricate interplay between moment 

force development and the evolution of interlocking connections between particles under normal 

stress. Larger particles exhibit a more pronounced interlocking due to the elevated moment force 

required for their rotation. For instance, under a normal load of 350N, shear force increased from 
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136 N to 158 N as particle SI transitioned from 50% to 150%. Notably, this substantial increase in 

shear force diminishes for particles with smaller SI values. These findings align with previous 

research by (Alias et al., 2014), who demonstrated that the shear strength of granular materials is 

significantly influenced by particle size. Larger particles inherently possess enhanced shear 

strength due to increased contact points, interlocking, and effective stress transfer area. 

Additionally, larger particles exhibit greater resistance to deformation and displacement, further 

contributing to their superior shear strength characteristics. Moreover, the optimised packing 

arrangement facilitated by larger particles reduces the void ratio and strengthens interparticle 

forces, further augmenting shear strength. 

Figures 4.9 and 4.10 provide deeper insights into SI's impact on particles' shear behaviour under 

constant normal stress. Figure 4.9 comprehensively illustrates how SI influences shear stress in 

particles. Higher SI values promote interlocking among particles, leading to an increase in the 

shear stress values. Additionally, figure 4.10 illustrates that reduced normal stress on particles 

leads to the dilation of interlocking particles, decreasing the total shear force. Furthermore, as the 

normal stress rate increases, particles experience a more effective interlocking rate and a gradual 

increase in shear stress. However, high normal stress restricts movement between particles, leading 

to anisotropy. Samples with reduced anisotropy correlate with lower friction angles. 

In Fig. 4.9, the continuous lines represent the best-fit line of the readings. These lines are included 

in the figure's shear force representation to provide a more straightforward visual depiction of the 

variations between different experimental datasets. While the peak shear stress, indicative of shear 

failure, is not explicitly represented by the continuous lines, they highlight trends and differences 

in shear force behaviour across the various experiments. 

 

Figure 4.9. Shear force vs shear strain plots of samples with varying SI at 350N normal load 
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Figure 4.10. Shear stress with a variety of SI at 15 N and 30 N normal load 

Simultaneously, an increase in SI corresponds to a rise in shear force. For example, under a 30 N 

normal load, increasing particles' SI from 50% to 150% results in a shear load increase of 

approximately 18%. Further, Table 4.4 provides more details. 

Figure 4.10 demonstrates a linear relationship between the size index (SI) and shear load. A 

corresponding rise in SI accompanies the increase in the shear load, and this correlation is well-

described by linear regression Equation 4.2, as evidenced by the high R2 value. 

𝑇𝑆𝐼 = 𝑆𝐼 𝑐21 + 𝑁 𝑐22  4.2) 

The shear size index 𝑇𝑆𝐼 [N] determines the shear load value through a size index (SI) [-] function. 

The shear size index function is characterised by two parameters, c21 [-] and c22 [-], which shape 

its behaviour. Additionally, N [N] represents the applied normal load to the particles. Equation 4.2 

represents the shear loads corresponding to 15 and 30N normal loads. Table 4.3 illustrates the 

parameters of equation 4.2. 

 Table 4.3. The fit parameters of Equation 4.2 

Parameters c21 c22 R2 

Parameter values of 

the First experiment 

15N 

0.0226 0.3879 0.95 

Parameter values of 

the second 

experiment 30N 

0.0363 0.4886 0.93 
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Table 4.4. Shear load corresponding to the size index at the original and double normal load   

Size index % 

 

shear load 

 

Shear load 

Increased 

percentage % 

 

shear load for 

the double 

normal load 

 

Shear load 

Increased 

percentage % 

 

50 6.816099 0.0 16.88417 0.00 

75 7.460942 9.5 17.22805 2.04 

100 8.400623 23.2 17.68707 4.76 

125 8.675094 27.3 19.19909 13.71 

150 9.033017 32.5 20.43415 21.03 

 

4.3.3 Triple Particle Size Index (TPSI) and Shear Stress Behaviour 

This section delves into the intricate relationship between the Triple Particle Size Index (TPSI) 

and shear stress in granular materials under constant normal stresses. In the figures presented 

below, the connection between shear stress and horizontal strain for particle samples, varying in 

size indexes, is vividly represented. The internal friction angle demonstrates a positive correlation 

with particle size. As particle size increases, the peak friction angle approaches higher limits, 

indicating the pivotal role of growing particle size. This effect is especially significant for 2D 

elliptical particles, with similar outcomes reported in previous studies (Rothenburg and Bathurst, 

1992). Moreover, compatible findings were observed in 3D ellipsoid multi-sphere assemblies 

(Gong and Liu, 2017). 

 

Figure 4.11. The shear load with shear displacement curves of samples with various SI at a 

normal load of 70N 

The Size Index (SI) impact becomes even more visible in particle specimens, as highlighted in 

Figure 4.11. This representation captures SI's influence on particle shear load. The phenomenon is 

explained by the amplification of moment force and the intricate interlocking connections between 

particles under normal stress conditions. Larger particles become more frictionally interlocked due 

to the augmented particles' contact area, increasing the critical moment required to rotate the 

particle. For instance, when the particle's SI transitioned from 100% to 150% at a normal load of 
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70N, the shear force increased by approximately 13%, escalating from 51N to 58N—conversely, 

the change in shear force diminished for smaller size index particles, and vice versa. 

4.3.4 Shear Stress Responses to the Shape Indexes 

In the context of shear stress responses to different shape indexes, our investigation has revealed 

several crucial findings: 

Influence of Sphericity Index (SPH): 

1. The sphericity index (SPH) and aspect ratio (AR) of particles significantly impact shear 

stress in granular materials. 

2. Lower sphericity index values enhance interlocking among particles, increasing the shear 

stress. 

3. The shear strength of particle samples increases with lower sphericity particles. 

4. Reducing stress on the particles leads to the dilation of interlocking particles, consequently 

decreasing shear strength. 

5. The impact of sphericity on particle specimens becomes more pronounced at higher normal 

stresses. 

6. An exponential model using the particle Aspect Ratio AR effectively captures the non-

linear correlation between the sphericity index and shear force. 

7. The exponential model achieves a remarkable R2 value of 0.96, affirming its reliability in 

capturing the correlation under varied normal load conditions. 

Effect of Size Index (SI): 

1. There is a positive correlation between SI and internal friction angle. As SI increases, the 

peak friction angle also increases. 

2. Larger particles exhibit enhanced shear strength due to increased contact points, 

interlocking, and effective stress transfer area. 

3. Larger particles resist deformation and displacement more effectively, contributing to their 

superior shear strength characteristics. 

4. Reduced normal stress on particles leads to the dilation of interlocking particles, decreasing 

shear force. 

5. As the normal stress rate increases, particles experience a more effective interlocking rate 

and a gradual increase in shear stress. 

6. An increase in SI corresponds to a rise in shear force. 

Effect of Triple Particle Size Index (TPSI): 

1. There is a positive correlation between TPSI and internal friction angle. As TPSI increases, 

the peak friction angle also increases. 

2. Larger particles exhibit enhanced shear strength due to increased contact points, 

interlocking, and effective stress transfer area. 

3. Larger particles resist deformation and displacement more effectively, contributing to their 

superior shear strength characteristics. 

4. Reduced normal stress on particles leads to the dilation of interlocking particles, decreasing 

shear force. 

5. As the normal stress rate increases, particles experience a more effective interlocking rate 

and a gradual increase in shear stress. 

6. An increase in TPSI corresponds to a rise in shear force. 

Summary 

These studies found that particle indices (SPH), (AR), (SI), and (TPSI) play significant roles 

in determining the shear stress behaviour of granular materials. The results suggest that these 
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parameters can be used to predict the shear stress behaviour of granular materials in various 

applications. 

4.4 Volumetric Strain Behaviour 

In this section, we delve into the analysis of volumetric strain, a critical parameter in understanding 

the mechanical behaviour of granular materials under shear loading conditions. Volumetric strain, 

denoted by the change in the total volume occupied by particles, offers valuable insights into the 

compaction and deformation processes occurring within the particle assembly. Our approach 

involves tracking the movement of a large sphere that is responsible for applying normal load 

during the shear test, facilitated by the simulation program EDEM. We aim to elucidate the 

intricate relationship between particle morphology, applied loading conditions, and resulting 

volumetric changes within the granular material system through meticulous analysis and 

interpretation of volumetric strain data. 

4.4.1 SPH Impact on Volumetric Strain 

Our investigation of volumetric strain behaviour reveals intriguing insights into how the sphericity 

index (SPH) influences granular materials under varying normal stresses. 

Figure 4.12 compares volumetric strain changes against horizontal strain under different normal 

stresses. Notably, we observe an inverse relationship between normal stress and volumetric strain. 

As normal stress increases, the overall volumetric strain decreases, indicating a reduced level of 

dilation under higher normal stress conditions. 

 

Figure 4.12. Volumetric-shear strain for various normal stresses (SPH = 81%) 

Figure 4.13 further clarifies the impact of sphericity on the volumetric strain. It highlights a 

significant increase in dilatancy with lower SPH values, suggesting that shape characteristics and 

normal stress influence particle dilatancy. 

To quantify this impact, we note that at a normal load of 15N, an assembly with sphericity particles 

of (SPH=81%) exhibits a volumetric strain 44% higher than an assembly with SPH values of 
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100%. This substantial difference emphasises the role of SPH in governing volumetric strain 

behaviour.  

 

Figure 4.13. Volumetric-shear strain with various sphericity at a normal load of 15N  

 

Figure 4.14. Volumetric strain for different Sphericity values at a normal load of 15 and 30 N 

Figure 4.14 presents the average volumetric strain for different SPH values subjected to 15 and 30 

N normal loads. The results indicate an inverse correlation between SPH and volumetric strain, 

with an increase in the volumetric strain as the SPH values decrease. A squared equation 4.3 

accurately describes this nonlinear relationship with a high R2 value, where equation 4.3 represents 
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the readings under normal loads of 15 and 30N. At the same time, Table 4.5 describes the 

parameters of the equation 4.3. Figure 4.14 underscores the influence of normal load on dilatancy, 

demonstrating that higher normal loads lead to a reduced level of volumetric strain compared to 

lower normal load. This finding further emphasises the intricate interplay between normal load 

and volumetric strain. 

𝑉𝑆𝑃𝐻 = 𝑐31 𝑆𝑃𝐻2 +  𝑐32 𝑆𝑃𝐻 + 𝑐33 4.3) 

Table 4.5. The fit parameters of the Equation 4.3 

Load c31 c32 c33 R2 

15N -0.0033 0.5562 -21.743 0.94 

30N -0.0026 0.4434 -17.211 0.9 

The volumetric strain 𝑉𝑆𝑃𝐻  determines the volumetric strain value through a sphericity index 

(SPH) function. The function is characterised by three parameters, c31 [-], c32 [-] and c33 [-], which 

shape its behaviour. 

4.4.2 SI's Influence on Volumetric Strain 

Examining the influence of Size Index (SI) on volumetric strain provides crucial insights into the 

behaviour of granular materials under varying normal loads. 

Figure 4.15 depicts the volumetric and horizontal strain relationship under different normal loads. 

A clear reverse correlation emerges between overall volumetric strain and normal load; as normal 

load increases, the overall volumetric strain decreases, highlighting a lower dilation of particle 

volume strain under higher normal load conditions. 

 

4.15. Variations of volumetric strain with shear strain for various normal stresses (SI 150%) 

normal stress 30kPa, 45kPa, 60kPa 

Figure 4.16 explores the impact of particle SI on volumetric strain. It illustrates that as the particle's 

SI increases, its volume dilation also increases. This relationship underscores the dependency of 

particle volume dilation on particle shape and the applied normal load levels (Talafha and Oldal, 

2021).  

-1.0

-0.5

0.0

0.5

1.0

1.5

2.0

2.5

0 5 10 15 20 25 30

V
o

lu
m

et
ri

c 
S

tr
ai

n
 [

%
]

Shear Strain [mm]

VOLUMETRIC STRAIN VS SHEAR STRAIN

30 kPa 45 kPa 60 kPa



60 

 

Figure 4.16. Variations of volumetric strain with shear strain for different size indexes at normal 

Stress of 30 kPa 

Figure 4.17 presents the average volumetric strain values obtained from tests conducted with 

different size index (SI) values under varying normal stresses of 3 and 30 kPa. The results highlight 

a positive linear correlation between SI and volumetric strain. This relationship is captured by the 

linear equation 4.4, representing the readings under normal stress of 3 kPa and 30 kPa, while Table 

4.6 describes the equation 4.4 parameters. Furthermore, Figure 4.17 underscores the influence of 

normal stress on dilation. The data demonstrate that higher normal stresses lead to lower levels of 

dilation. For instance, at a normal stress of 30 kPa, the dilation value is significantly reduced 

compared to the normal stress of 3 kPa. Notwithstanding this effect, the correlation between 

volumetric strain and SI remains evident, as the value increases by approximately 28% when the 

assembly particles' SI changes from 50% to 150%. This observation underscores the complex 

interplay between SI, normal stress, and volumetric strain, highlighting the intricate nature of 

granular material behaviour under varying conditions. 
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Figure 4.17. Volumetric strain for different size index at a normal stress of 3 and 30kPa 

𝑉𝑆𝐼 =  𝑐41 𝑆𝐼 + 𝑐42 4.4) 

Table 4.6. The fit parameters of the Equation 4.4 

Load c41 c42 R2 

15N 0.544 1.0565 0.94 

30N 0.4221 0.8727 0.89 

 

The volumetric strain 𝑉𝑆𝐼 determines the volumetric strain value through a size index (SI) function. 

The function is characterised by two parameters, c41 [-] and c42 [-], which shape its behaviour. 

4.4.3 TPSI and Volumetric Strain Characteristics 

Understanding the relationship between the Triple Particle Size Index (TPSI) and volumetric strain 

sheds light on the intricate behaviour of granular materials under constant normal stresses. 

Figure 4.18 presents a comparative analysis of volumetric variations concerning horizontal strain 

for different triple particle Size Indices (TPSI) under consistent normal stresses. An apparent trend 

emerges: the overall volumetric strain increases proportionally with the increase of TPSI. This 

pattern signifies that dilatancy in larger particles intensifies as TPSI increases, underscoring the 

significant influence of particle shape on dilatancy under varying normal loads. 
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Figure 4.18. Variations of volumetric strain with shear strain for different size indices at a 

normal stress of 8 kPa. 

To illustrate the volumetric strain characteristics, the assembly with SI=150% exhibits dilation 

values 57% larger than those with SI=100% at a normal stress of 8 kPa. This substantial difference 

emphasises the pivotal role played by TPSI in shaping volumetric strain characteristics, 

highlighting the complex interplay between particle size, shape, and normal stress in granular 

material behaviour. 

4.4.4 Volumetric Strain Responses to Different Shape Indexes 

In the study of volumetric strain behaviour, several key factors were analysed: 

SPH Impact on Volumetric Strain 

1. A comparison of volumetric strain changes versus horizontal strain under different normal 

stresses revealed that the overall volumetric strain decreased as normal stress increased, 

indicating lower dilation levels under higher normal stress. 

2. Dilatancy in larger strains increases with a lower sphericity index (SPH), suggesting a 

correlation between dilatancy and particle shape features and normal stress. 

3. Specifically, assemblies with elongated particles (SPH=81%) showed 44% higher dilation 

values than complete sphere particles with SPH values of 100% under normal stress of 

4150 Pa. 

SI's Influence on Volumetric Strain 

1. A reverse correlation was observed between overall volumetric strain and normal stress. 

Higher normal stress led to lower volumetric strain and vice versa. 

2. Increasing the size index (SI) resulted in higher particle volume dilation. The particles' 

volume dilation depended on particle shape and the applied normal stress. For instance, at 

a 30 kPa normal stress, the dilation value increased by 28% when the assembly particles' 

SI changed from 50% to 150%. 

3. Higher normal stresses lead to a lower dilation than lower normal stresses. 
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TPSI Impact on Volumetric Strain 

1. Comparing volumetric strain variations with horizontal strain for various TPSI under 

constant normal loads revealed that overall volumetric strain increased with higher TPSI 

values. Indicating that dilatancy in larger particles increased with higher TPSI. 

2. Dilatancy was found to be influenced by both particle shape and normal load. For instance, 

assemblies with TPSI =150% exhibited 57% larger dilation values than those with TPSI 

=100% under a normal stress of 8 kPa. 

3. TPSI plays a significant role in shaping volumetric strain characteristics. 

Summary  

the study highlights the crucial influence of varied factors, such as TPSI, SI, and SPH, along with 

normal stress, on determining the volumetric strain behaviour of granular materials. The findings 

underscore that these parameters can serve as reliable predictors for understanding and anticipating 

the volumetric strain behaviour of granular materials. 

4.5 Average Contact Numbers Investigation 

4.5.1 SPH's Effect on Average Contact Numbers 

Understanding the interactions within granular materials is central to comprehending their 

behaviour. One crucial parameter in this study is the coordination or contact number (CN), 

representing the average number of particles in contact within the assembly. This parameter offers 

valuable insights into the granular material's dynamics as it directly correlates with the contact 

points between particles. As a result, CN can be used as a descriptor for the behaviour of granular 

materials, encapsulating the details of their interactions (Danesh et al., 2020). 

The link between the Sphericity Index (SPH) and the Coordination Number reveals an interesting 

pattern. Decreasing SPH, indicating a departure from a perfectly spherical shape, leads to a 

continuous increase in the coordination number. This phenomenon suggests additional 

interlocking among particles as the sphericity decreases. The relationship between CN and SPH, 

as depicted in Figure 4.19, demonstrates this tendency. This discovery contradicts the findings of 

a study conducted by (Asadi and Mirghasemi, 2018), which focused on elliptical particles. Their 

research indicated an initial rise in contacts as eccentricity increased, followed by a decline at 

higher eccentricity levels. In contrast, our investigation revealed an inverse relationship: as the 

(SPH) decreased, there was a simultaneous increase in the coordination number (CN) between the 

particles. 
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Figure 4.19. Variation of CN versus shear strain with various sphericity at a normal stress of 

4150 Pa  

Figure 4.20 provides a nuanced perspective on CN under varying conditions of stress. 

Interestingly, it illustrates that applying high stress to the sample consistently results in a higher 

coordination number regardless of the SPH index. This observation underscores that stress shapes 

particle interactions within granular materials. However, it is crucial to note that the initial strain 

levels induce an immediate decrease in CN at lower normal stress due to pronounced dilatation. 

This drop is attributed to the dilation effect caused by the initial strain, highlighting the complex 

interplay between normal stress, dilation, and contact numbers. 

 

Figure 4.20. Variation of CN versus shear strain for various normal stresses (SPH = 81%) 
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Exploring SPH's effect on average contact numbers reveals intricate dynamics within granular 

materials. The continuous increase in CN with decreasing SPH challenges existing theories and 

invites further exploration into the relationship between particle shape, interlocking, and contact 

behaviour. Furthermore, Table 4.7 details the relationship between the contact number and the 

sphericity index. 

Table 4.7. correlation between the SPH and the CN 

Sphericity 

index % 

 

Average 

contact No. 

 

Average 

contact No. 

Increased 

percentage % 

 

Average 

contact No. 

For double 

normal load 

 

Average 

contact No. 

Increased 

percentage % 

 

100 4.760355 0.0 4.804665 0.0 

98 5.756527 20.9 6.05698 26.1 

94 5.864372 23.2 6.627593 37.9 

88 6.270317 31.7 6.431181 33.9 

81 6.189114 30.0 6.635899 38.1 

 

4.5.2 SI's Influence on Average Contact Numbers 

Understanding the interactions between particles is paramount in the study of granular materials. 

The coordination number (CN) effectively characterises the behaviour of granular materials by 

shedding light on the intricate network of particle interactions. This concept is particularly relevant 

because these interactions are closely tied to contact points. 

As depicted in Figure 4.21, an intriguing pattern emerges when investigating how the CN responds 

to changes in the SI. What becomes evident is that as the SI fluctuates, the CN remains relatively 

stable. This observation opens a fascinating window into the behaviour of granular materials. It 

suggests that altering the SI predominantly triggers variations in three-dimensional particle shapes, 

with minimal influence on the particles' sphericity. In simpler terms, while SI influences particle 

size, it does not interfere with the inherent sphericity of the particles. Consequently, the density of 

particle connections within the assembly remains relatively consistent, as SI variations do not 

disrupt the SPH index. It is a compelling notion highlighting the unique dynamics at play within 

granular materials. 

 

Figure 4.21. Variations of CN versus shear strain for normal stress of 30kPa (SI effect) 

5

5.5

6

6.5

7

7.5

8

0 5 10 15 20 25 30

C
o

n
ta

ct
 N

u
m

b
er

 [
-]

 

Shear Strain [mm]

CONTACT NUMBER VS SHEAR STRAIN
SI 50% SI 75% SI 100% SI 125% SI 150%



66 

Researchers have also weighed on this phenomenon, drawing parallels with particle changes in the 

Sphericity Index (SPH). They propose that when SPH is altered, it leads to variations in particle 

shape along a single dimension, effectively elongating the particles. This change promotes 

increased interlocking among the particles, allowing for more contact points. To encapsulate this, 

we can conclude that an increase in CN is associated with this condition (Talafha and Oldal, 2021). 

Figure 4.22 provides an intriguing perspective on the CN related to SI and stress. It demonstrates 

that regardless of the SI index, applying high stress to the sample results in a noticeable increase 

in the CN. However, it is important to note that CN decreases immediately as normal stress levels 

decrease, primarily attributable to the dilatation effect induced by the initial strain, which signifies 

granular materials' complex and dynamic nature. 

 

Figure 4.22. Variations of CN versus shear strain for various normal stresses (SI 150%) 

This insightful exploration into SI's influence on average contact numbers unveils fascinating 

complexities within the world of granular materials, shedding light on how variations in SI can 

significantly impact particle interactions and the coordination number. 

4.5.3 TPSI and Average Contact Numbers 

Interestingly, a unique pattern emerges concerning the coordination number (CN) when focusing 

on the Triple Particle Size Index (TPSI). Despite variations in TPSI, CN demonstrates stability, as 

visually depicted in Figure 4.23. This constancy in CN, even amidst changes in TPSI, can be 

attributed to the size index (SI), which indicates that alterations in TPSI do not significantly affect 

the fundamental regularity of the particles. Consequently, the sphericity index retains its constancy 

across these variations. Researchers have elucidated that modifying the Sphericity Index (SPH) 

results in a one-dimensional elongation of the particle shape, intensifying interlocking among 

particles and enhancing the coordination number accordingly. 

The calculation of the average contact number involved summing the total number of contacts 

across all particles within the system and subsequently dividing this sum by the total number of 

particles. This computation yielded an average value indicative of the typical number of contacts 

per particle in the system under consideration. 
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Figure 4.23. Variations of CN versus shear strain for normal stress of 8 kPa (SI effect). 

Furthermore, as the previous finding mentions regarding the SI and the SPH, a notable increase in 

CN is observed when subjecting the sample to high stress, regardless of the specific TPSI index, 

as depicted in Figure 4.24. It emphasised the significant role of stress in augmenting the 

connections among particles within the granular assembly. However, it is essential to note that 

initial strain induces an immediate decline in CN at lower normal stress levels due to pronounced 

dilatation. This rapid decrease in CN underscores the intricate interplay between shear stress, 

dilatation effects, and contact numbers within granular materials. 

 

Figure 4.24. Variations of CN versus shear strain with various normal stresses 4kPa and 8kPa for 

a sample of (SI = 100%). 

This analysis of TPSI's influence on average contact numbers reveals a nuanced interconnection 

between particle shape, interlocking dynamics, and the impact of shear stress. These findings 

contribute to a deeper understanding of the intricate behaviours exhibited by granular materials 

under varying conditions, laying a robust foundation for further exploration and analysis. 
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4.5.4 Variation in Average Contact Numbers with Shape Indexes  

In the investigation of granular materials, the Average Contact Number (CN) is a crucial metric, 

representing the average number of particles in contact within the assembly. As we delve into the 

nuances of particle shape defined by the Shape Indexes (SPH, SI, and TPSI), a coherent pattern 

emerges regarding CN. 

SPH's Effect on Average Contact Numbers 

1. Decreasing SPH leads to a continuous increase in CN. 

2. The relationship between CN and SPH is inverse, as shown in previous research on 

elliptical particles. 

3. High stress consistently results in a higher CN regardless of the SPH index. 

4. CN decreases with reduced normal stress levels due to the initial strain-induced dilatation 

effect. 

5. The complex interplay between normal stress, dilation, and contact numbers is highlighted. 

SI's Influence on Average Contact Numbers 

1. CN remains stable even as the Size Index (SI) fluctuates, indicating consistency in particle 

connections. 

2. SI changes affect particle shapes, not inherent sphericity, maintaining the stable density of 

particle connections within the assembly. 

3. High stress increases CN regardless of the SI index, promoting more contact points among 

particles. 

4. CN decreases with reduced normal stress levels due to the initial strain-induced dilatation 

effect, highlighting the complex nature of granular materials. 

TPSI and Average Contact Numbers 

1. CN remains stable despite changes in the Triple Particle Size Index (TPSI), as shown in 

Figure 4.23. 

2. Alterations in TPSI do not disrupt the fundamental sphericity of particles, maintaining 

particle shape. 

3. Maintaining particle shape ensures an unchanged density of connections between particles 

within the assembly. 

4. Figure 4.24 shows that higher stress increases the CN regarding the TPSI value, 

emphasising stress's role in augmenting particle connections. 

Summary  

this study investigates the impact of varied factors, including TPSI, SI, and SPH, on average 

contact numbers (CN) in granular materials. For TPSI and SI, a stable relationship with CN is 

observed, indicating their predominant influence on particle shape and stability. However, high 

Stress significantly increases CN irrespective of SPH, TPSI or SI. Additionally, the study 

introduces a novel finding regarding SPH, noting an inverse relationship with CN that challenges 

existing theories, emphasising the need for further exploration into the complex interactions 

between particle shape, interlocking, and contact behaviour in granular materials. 

4.6 Contact Force Chain Analysis 

4.6.1 SPH Impact on Contact Force Chain Formation 

Contact force chain analysis is pivotal in understanding the behaviour of granular materials under 

different stress conditions. In this section, we delve into the influence of the SPH on the formation 

of contact force chains. These force distributions for different SPH values under continuous normal 

stress at distinct phases of a direct shear test are shown in Figures 4.25 and 4.26. 
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The figure particles' colour signifies the intensity of the contact forces, with red, green, and blue 

particles representing high, moderate, and low forces within the assembly. Initially, before shear 

loading (at a strain of 0%), contact forces are uniformly distributed within the shear container 

regardless of particle shape. 

However, as shear force is applied and the material undergoes deformation, we observe a stark 

contrast between 0% and 15% strain in contact force chains. During the shearing process, the initial 

stage Figure 4.25 exhibits a thicker contact chain than the shearing stage Figure 4.26. This 

phenomenon is linked to the dilation behaviour of granular samples during shear, reducing the 

number of contacts. 

 

Figure 4.25. Contact force chain distribution for different particle sphericity at the shear strain of 

0% and 15N normal load (Particles SPH= 100%, 98%, 94%, 88%, 81%, respectively) 

Remarkably, as the material shears, an increased number of contacts is oriented in directions 

bearing higher loads, primarily in the shear direction, leading to higher magnitudes of the 

associated contact forces. Additionally, it is noteworthy that samples with lower sphericity values 

manifest higher shear forces in the shear stage. This occurrence is closely tied to improved 

interlocking in assemblies with lower sphericity values, leading to elevated contact numbers and 

their magnitudes in the shear direction. 

These findings align with earlier observations by (Yang et al., 2016), underscoring that force 

chains in samples with lower sphericity contribute more significantly to the assembly's overall 

contacts. Consequently, this structural rearrangement leads to the formation of a shear band that 

traverses the upper left to the lower right of the shear box. This ensures effective load transfer 

within the samples, resulting in a more stable structure for force chains. 

Conversely, particles positioned away from the shear band exhibit minimal participation in bearing 

the applied load. This unique insight into the impact of SPH on contact force chains provides a 

valuable perspective on the behaviour of granular materials under shear. It sheds light on the 

intricate interplay between particle shape and force distribution. 
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Figure 4.26. Contact force chain distribution for different particle sphericity at the shear strain of 

15% and 15N normal load (Particles SPH= 100%, 98%, 94%, 88%, 81%, respectively) 

4.6.2 SI's Influence on Contact Force Chains 

In our analysis of contact force chains, we examined the force distribution within the model at 

various stages of the SST, focusing on different SI values and normal stresses. Figures 4.27 and 

4.24 offer a comprehensive view, highlighting inter-particle and particle-wall forces in different 

shades: red denotes high contact forces, green represents moderate forces, and blue indicates low 

forces. 

At the initial stage, before applying shear stress (0% strain), particles in the model displayed a 

uniform distribution, irrespective of SI values. However, as shear forces were applied, significant 

variations in contact force chains emerged, notably between 0% and 15% strain. Figure 4.27 

depicts a denser contact force chain during the first stage (0% strain), attributed to particle dilation 

behaviour induced by shear, leading to decreased particle CN. 

 

Figure 4.27. Contact force chain distribution for different size index particles at the shear strain 

of 0% and 15N normal load (Size index SI= 50%, 75%, 100%, 125%, 150%, respectively) 

During the shearing process, particles' CN aligned with the direction of higher loads, precisely the 

shear direction. Gradually applying the shearing forces reduces the interaction cross-sectional area 
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between the two cylinders, leading to a decline in shear stress. Notably, samples with higher SI 

values exhibited increased shear forces during the shearing stage due to interaction contact area, 

indicating better interlocking as SI values increased. 

 

Figure 4.28. Contact force chain distribution for different size index particles at the shear strain 

of 15% and 15N normal load (Size index SI= 50%, 75%, 100%, 125%, 150%, respectively) 

This observation aligns with a related study, which found that higher force chains in higher SI 

samples led to more significant particle contacts (Yang et al., 2016). As the lower cylinder initiated 

movement to apply shearing stress, a shear band formed from the bottom left of the lower cylinder 

to the top right of the upper cylinder. This shear band efficiently distributed most of the load within 

the assembly, establishing a stable force chain structure. Consequently, particles outside the shear 

band did not actively participate in bearing the load, as illustrated in Figure 4.28. 

4.6.3 TPSI and Contact Force Chain  

This section delves into the intriguing interplay between the Triple Particle Size Index (TPSI) and 

the contact force chains within granular materials. Our investigation, guided by the insights from 

Figures 4.29 and 4.30, unveils the intricate forces that shape these materials' behaviour under the 

influence of TPSI. 

Figures 4.29 and 4.30, which accurately detail our observations, lay the foundation for our 

understanding. These visual aids showcase the distributions of inter-particle and particle-wall 

forces in granular assemblies with varying TPSI values. To aid in interpretation, we have employed 

a colour scheme: red, green, and blue particles correspond to strong, moderate, and low forces, 

respectively. 

Before beginning shear loading at an original strain of 0%, we observed that contact forces were 

uniformly distributed throughout the granular medium. Interactions exhibited a harmonious 

equilibrium within the shear container regardless of the particle shape. However, as we initiated 

the shearing process, introducing a strain of 15%, the landscape of contact force chains underwent 

a dramatic transformation compared to its dormant state at a strain of 0%. 
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Figure 4.29. Contact force chain distribution for different size index particles at the shear strain 

of 0% and 70N normal load (Size index SI= 100%, 125%, 150% respectively) 

The initial stage, illustrated in Figure 4.29, revealed a robust contact chain network. This thicker 

web of contact forces can be attributed to the particles' dilation behaviour during shear, which 

inherently reduces the number of interactions. Shear stress is progressively applied, as represented 

by Figure 4.30. 

 

Figure 4.30. Contact force chain distribution for different size index particles at the shear strain 

of 15% and 70N normal load (Size index SI= 100%, 125%, 150% respectively) 

In the shear stage, we noticed a marked difference in contact forces. These forces were not only 

oriented in the direction of higher loads, which aligns with the direction of shear, but we also 

observed a decrease in shear forces due to the reduction of the contact area. It became evident that 

samples with a higher TPSI demonstrated a more substantial shear force during this stage. This 

observation can be linked to the enhanced rough interlocking behaviour that emerges as TPSI 

values increase. Consequently, assemblies with higher TPSI values exhibited greater strength, a 

phenomenon that can be attributed to the concentration of forces around the vertical walls of the 

top shear cylinder. 
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These findings align with previous research (Yang et al., 2016), reinforcing that robust force chains 

form a more substantial portion of assembly contacts in granular samples with higher TPSI values. 

This structural rearrangement significantly impacts the formation of shear bands extending from 

the top right to the bottom left of the shear cylinder, facilitating effective load transmission within 

the granular material. This results in a more stable architecture for force chains. However, particles 

located outside of the shear band have minimal involvement in bearing the applied load. 

4.6.4 Contact Force Chain Patterns in Different Shape Indexes 

The study investigated the influence of sphericity index (SPH), size index (SI), and triple particle 

size index (TPSI) on contact force chains in granular materials. The results showed that: 

SPH Impact on Contact Force Chain Formation 

Contact forces were observed to vary with changes in SPH values. 

1. Higher SPH values and a more robust contact force chain network increased contact forces. 

2. Assemblies with lower SPH values exhibited a concentration of force near the upper shear 

cylinder vertical walls, promoting effective load transmission. 

3. Shear bands formed entirely from the shear box's upper right to the lower left. 

4. At 0% strain, contact force chains are uniformly distributed. 

5. As the material shears, contact force chains become thicker and more concentrated in the 

shear direction. 

6. Samples with lower sphericity values exhibit higher shear forces in the shear stage. 

 

SI's Influence on Contact Force Chains  

Contact forces were significantly affected by changes in Size Index (SI). 

1. Samples with a higher SI demonstrated more substantial shear forces during shearing due 

to enhanced interlocking contact area. 

2. The concentration of forces around the top shear cylinder's vertical walls in higher SI 

samples played a critical role in load transmission. 

3. Force chains in higher SI samples formed more extensive assembly contacts. 

4. At 0% strain, contact force chains are uniformly distributed. 

5. As the material shears, contact force chains become thicker and more concentrated in the 

shear direction. 

TPSI and Contact Force Chain Dynamics 

TPSI values were linked to the dynamics of contact force chains. 

1. Enhanced rough interlocking as TPSI values increased contributed to higher shear forces. 

2. Samples with higher TPSI values demonstrated greater strength and a more stable structure 

for force chains. 

3. Strong force chains in higher TPSI samples formed a more substantial portion of the 

assembly contacts, influencing the formation of shear bands. 

4. These points encapsulate the relationship between different shape indexes and the patterns 

of contact force chains within granular materials under shear stress. 

Summary 

These findings suggest that SPH, SI, and TPSI play a role in the formation and behaviour of contact 

force chains in granular materials. Lower sphericity, higher SI, and higher TPSI values tend to 

lead to thicker and more concentrated contact force chains with higher shear forces. These findings 

have implications for the design of granular materials for applications such as construction. 
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4.7 Shear Zone and Particle Rotation Examination 

4.7.1 SPH's Influence on Shear Zone Formation 

Particle rotation is a fundamental method for assessing the formation of shear bands within 

granular assemblies under loading conditions (Oda and Kazama, 1998; Mahmood and Iwashita, 

2011). While a direct shear test can provide insights into shear band formation, it is crucial to delve 

deeper into the influence of non-rounded particles compared to their rounded counterparts, 

explicitly concerning the positions and thickness of these shear bands. This nuanced analysis has 

been a focal point of our research, leading to Figure 4.31. 

 

Figure 4.31. (Particle rotation at a shear strain of 15% and 15N normal load for SPH= 100%, 

98%, 94%, 88%, 81%, respectively) 

Figure 4.31 depicts the accumulated particle rotation within the sample at a strain of 15% under a 

normal load of  15N. The colours in the figure correspond to the rotations, where red indicates a 

higher average rotation, green indicates moderate rotation, and blue represents low rotation. Figure 

4.31 illustrates where particles with higher rotations occur among rounded and non-rounded 

particles. Notably, non-rounded particles, especially those with an SPH of 81%, exhibit lower 

average accumulation rotation when compared to their spherical counterparts. This phenomenon 

is a direct result of increased interlocking among these particles. For instance, if the particle 

transitions from a spherical SPH of 100% to an elongated SPH of 81%, it results in a 40% reduction 

in the overall average particle rotation. 

Figure 4.31 further substantiates these findings by depicting the distribution of the rounded particle 

rotation. The rounded particles exhibit a more uniform rotation distribution with a broader shear 

band encircling the shearing plane. Conversely, the sample with SPH 81% displays a higher degree 

of rotation but within a narrower shear band concentrated near the shearing plane. This intriguing 

observation underscores a critical trend: as shear strength increases, the width of the rotation zone 

and the average particle rotation concomitantly decrease (Danesh et al., 2020). 
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Figure 4.32. Particle rotation at the shear strain of 15% for the SPH = 81% at (different normal 

stress = 25 kPa, 50 kPa, 75 kPa, 100 kPa, respectively) 

Understanding the movement behaviour of particles is pivotal. It can be conceptualised as layers 

of particles moving on top of one another. Two key factors influence this movement. To begin 

with, the interlocking between particles, as illustrated in Figures 4.30 and 4.31, plays a pivotal role 

in particle rotation. Furthermore, the normal stress, which enhances friction between particles due 

to improved particle interlocking, increases rotation interaction. The intriguing correlation 

between the particle rotation pattern and the distribution of forces within the particles results from 

rearrangements, as depicted in Figure 4.32; these rearrangements cause the shear band to form 

entirely from the upper right to the lower left of the shear cylinder. This structural arrangement 

ensures superior load transfer within the samples, creating a stable force chain structure. Particles 

outside the shear band do not actively carry the load, emphasising the significance of this intricate 

interplay between rotation, interlocking, and normal forces in understanding shear zone dynamics. 

4.7.2 SI's Impact on Shear Zone and Particle Rotation 

Particle rotation is fundamental in exploring shear bands within granular assemblies during 

loading. While the SST can offer insights into shear band formation, a more nuanced analysis of 

the particle SI is essential concerning the shear band's position and average angular velocity. This 

meticulous consideration has been a critical focus of our research, as depicted in Figure 4.33. 

Figure 4.33 presents the cumulative particle rotations within the sample subjected to a 15% strain 

under normal stress of 30 kPa. The colour scheme denotes rotation magnitude, with red indicating 

high rotations, green moderate rotations, and blue low rotations. Notably, both small and large 

particles exhibit localised rotations. Interestingly, large particles with SI = 150% display a lower 

average cumulative rotation than small particles with SI = 50%. This observation aligns with the 

increased contact area between particles as SI increases, resulting in a higher frictional force. 

Quantitatively, the transition from SI = 50% to SI = 150% corresponds to a 66% reduction in the 

overall average particle rotation. 
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Figure 4.33. Particle rotation at the shear strain of 15% for (SI= 150%, 125%, 100%, 75%, and 

50%, respectively) at 30kPa, normal stress 

Figure 4.34 provides additional insights, presenting the average angular velocity for particles of 

various SI. It becomes evident that the increase in shear strength, attributed to higher SI values, 

corresponds with a decrease in the particle's average rotation. 

 

Figure 4.34. Average angular velocity for different size index particles under 30kPa normal 

stress 

The movement dynamics of the particles are similar to layers shifting atop each other, a 

phenomenon illustrated in Figure 4.35. This rotational behaviour is intricately connected to two 

key factors: normal stress and particle interlocking. An increase in the normal load augments 

friction between particles due to enhanced locking, subsequently intensifying rotation interactions. 

This intricate relationship between rotation, interlocking, and normal loads is highlighted in the 

rotational patterns observed in Figures 4.33- 4.35. Rearrangements within the assembly cause the 

shear band to form entirely from the upper right to the lower left of the shear cylinder. This 

structural configuration ensures superior load transfer within the samples, emphasising the critical 

role of SI in shaping shear zone structures and dynamics.  
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Figure 4.35. Particle rotation at the shear strain of 15% for the test of SI 75% at different normal 

stress = 30 kPa, 45 kPa, 60 kPa, respectively 

4.7.3 TPSI and Shear Zone Behaviour 

In granular assemblies' shear bands, particle rotation is a fundamental assessment tool during 

loading processes. While the SST can provide valuable data about shear band formation, an in-

depth analysis of the TPSI is crucial, especially concerning the shear band's position and the 

average angular velocity. This nuanced perspective has been a focal point of our study, as 

highlighted in Figure 4.36. 

 

Figure 4.36. Average angular velocity for different size index particles under 8kPa normal stress 

Figure 4.36 portrays the average angular velocity of particles in the sample, showcasing variations 

between small and large particles. Intriguingly, large particles with TPSI=150% exhibit lower 

average accumulation rotation than smaller counterparts with TPSI=100%. This trend aligns with 

the increase in interlocking among particles as TPSI escalates. For instance, as the particles 
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transition from TPSI=100% to TPSI=150%, a notable 24% reduction in the overall average particle 

rotation results. 

 

Figure 4.37. Particle rotation at the shear strain of 15% for the test of TPSI 100% at different 

normal stresses = 4 kPa, 8 kPa, respectively 

Furthermore, this reduction in particle rotation corresponds with increased shear strength due to 

elevated TPSI values. This rotational behaviour is intricately connected to two key factors: the 

expected load and particle interlocking. An increase in the normal load augments friction between 

particles due to enhanced locking, subsequently intensifying rotation interactions. 

Crucially, the rotation pattern mirrors the distribution of forces within the particles, a phenomenon 

emphasised in Figure 4.37. The rearrangements within the assembly lead to the shear band forming 

entirely from the upper right to the lower left of the shear cylinder. This specific structural 

configuration ensures a superior load transfer within the samples, underscoring the pivotal role of 

TPSI in shaping shear zone behaviour and dynamics. 

4.7.4 Shear Zone and Particle Rotation under Various Shape Indexes 

The study investigated the influence of SI, TPSI, and SPH on particle rotation and shear zone 

formation in granular materials. The results showed that: 

SPH's Influence on Shear Zone Formation 

1. Particle rotation is used to evaluate shear band formation. 

2. Non-rounded particles showed lower average rotation, especially at SPH 81%. 

3. Change in sphericity from SPH 100% to SPH 81% reduced average particle rotation by 

40%. 

4. The rotation pattern followed the force distribution, forming stable shear bands. 

5. Non-rounded particles exhibit lower average accumulation rotation than rounded particles. 

6. An increase in shear strength is accompanied by a reduction in the rotation zone width and 

average particle rotation. 

7. The movement behaviour of particles is like layers shifting atop each other. 

8. An increase in the normal force augments friction between particles due to enhanced 

locking, subsequently intensifying rotation interactions. 

SI's Impact on Shear Zone Structure 
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1. Particle rotation is used to assess shear bands. 

2. High SI particles exhibit lower average rotation due to the increased area of the contact 

points, interlocking, and effective stress transfer area. 

3. Changing from SI=50% to SI=150% reduced overall particle rotation by 66%. 

4. Shear band formation followed rearrangement, providing superior load transfer. 

5. An increase in normal stress augments rotation interactions among particles. 

TPSI and Shear Zone Behaviour 

1. Higher TPSI (TPSI=150%) reduced average particle rotation by 24%. 

2. Particle rotation is influenced by normal stress and particle interlocking, leading to 

enhanced friction and ensuring effective load transfer. 

3. The rotation pattern is aligned with force distribution, ensuring effective load transfer. 

4. A lower average accumulation rotation occurred with Larger particles of TPSI=150% 

compared to smaller counterparts with TPSI=100%. 

5. This reduction in particle rotation corresponds with increased shear strength due to elevated 

TPSI values. 

Summary 

These findings suggest that SPH, SI, and TPSI all play a role in the formation of shear zones and 

the movement of particles in granular materials. Lower SPH, higher SI, and higher TPSI values 

all tend to lead to a lower average particle rotation, indicating that these factors contribute to 

forming more robust and stable shear zones. These findings have implications for the design of 

granular materials for applications such as construction and mining. 

4.8 The Combined Effect of Normal Stress and Mechanical Vibration on Wheat Packing 

Density 

4.8.1 Intensity Effect of the Applied Parameters 

The influence of vibration period on data collection precision and efficiency concerning packing 

density has been investigated unless otherwise specified. Figure 4.38 presents the changes in wheat 

packing density as a function of vibration time, considering various vibration amplitudes and 

normal stresses. Several phenomena are observed. The wheat packing density initially exhibits a 

similar trend across all tests, characterised by an initial increase followed by a stabilisation at the 

highest packing density. In the freeloaded test, the packing density shows rapid growth until t = 

3s, after which it reaches a stable value. In contrast, the loaded packing density test experiences 

faster growth until t = 2s, which is attributed to the effect of normal stress. Subsequently, a 

consistent packing density value is observed for all test conditions, with no further increase. 

As illustrated in Figure 4.38a, the freeloading test revealed alignment only in the first two test 

lines. Suggests that the impact of vibration amplitude becomes significant only after exceeding a 

specific threshold. Conversely, the loaded test, Figure 4.38b, demonstrated a persistent influence 

of vibration amplitude regardless of its value. This disparity arises from the contrasting 

mechanisms of particle rearrangement in each test. Under freeloading, gravitational forces 

naturally induce particle rearrangement. In contrast, the loaded test involves externally applied 

normal stress, facilitating efficient vibration energy transfer and enhanced particle rearrangement 

due to improved particle interaction. 

Consequently, even at lower vibration amplitudes, loaded tests exhibit a sequential reduction in 

particle voids, thereby influencing packing density. Furthermore, a vibration duration of 10 

seconds was sufficient for generating stable and densely packed structures. This observation 

informed the selection of a 10-second vibration time for subsequent experiments. 
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(a) 

 

(b) 

Figure 4.38. (a) Wheat packing density ρ vs. vibration time t for the freeload test (b) Wheat 

packing density ρ vs. vibration time t for the test 42.3kPa 

Notably, the packing density and vibration time profiles conform with the exponential equation 

initially proposed for investigating the densification behaviour of monodisperse spherical glass 

particles (Knight et al., 1995). Subsequently, researchers expanded its applicability by attributing 

physical significance to equation 4.5 to describe the packing density of PMMA cylinder-sphere 

mixtures (Zhao et al., 2019). Therefore, the exponential equation 4.6 is employed to elucidate the 

packing density of wheat particles in the current study.  
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𝜌(𝑡) = (𝜌𝑖 − 𝜌𝑓) ⅇ−(𝑡 𝜏⁄ ) + 𝜌𝑓   (Zhao et al., 2019) 4.5) 

The time-varying particle packing density, denoted as 𝜌(𝑡)[-], is characterised by the initial packing 

density 𝜌𝑖 [-] and the final packing density 𝜌𝑓 [-]. The vibration time is denoted as t [s], and the 

characteristic time of the process is represented as τ [s]. The parameter values for the fitted 

equations at t = 10 s are presented in Table 4.8. Moreover, the conclusion drawn from the study 

indicates that the evolution of freeloaded packing density reaches near completion after 3 s (i.e., t 

= 5 s). The loaded packing density evolution is nearly complete after 2 s (i.e., t = 3 s), consistent 

with the observation that the experimental function lines exhibit characteristic times of 

approximately 0.6 s. 

Table 4.8. The exponential Equation 4.6 fitted parameters. 

Unloaded 

test 

𝝆𝒊 𝝆𝒇 τ 

Loaded 

test 42 

kPa 

𝝆𝒊 𝝆𝒇 τ 

1st Amp. 0.58434 0.60477 0.69 1st Amp. 0.60689 0.61774 0.63 

2nd Amp. 0.58434 0.60477 0.69 2nd Amp. 0.60689 0.62218 0.78 

3rd Amp. 0.58434 0.60903 0.61 3rd Amp. 0.60689 0.62443 0.72 

4th Amp. 0.58434 0.61335 0.55 4th Amp. 0.60689 0.62669 0.47 

4.8.2 Effects of Vibration Amplitude and Normal Stress  

Figures 4.39a and b demonstrate the significant influence of vibration amplitude (A) and normal 

stress (σ) on wheat packing density (ρ). The initial state of wheat packing density is represented 

by Figure 4.39a, which reflects the condition by applying solely the normal stress to the wheat 

particles, demonstrating that a Higher wheat packing density can be achieved by using only normal 

stress. By curryon, figure 4.39b  represents the wheat packing density under the influence of the 

vibration amplitude. Furthermore, a clear correlation exists between wheat packing density and 

vibration amplitude; an increase in amplitude leads to a subsequent rise in wheat ρ. Figures 4.39a 

and b also reveal that the maximum wheat packing density is attained by applying maximum 

vibration amplitude. However, a lower vibration amplitude is needed in the loaded test to achieve 

the maximum value of wheat ρ compared to the freeloaded test. The continuous increase in wheat 

packing density with rising vibration amplitude is due to the gradual delivery of energy, which 

densifies the initial loose structures by filling the voids within the packing. Consequently, the 

packing structure accumulates enough energy to facilitate ultimate particle rearrangement, 

enabling small wheat particles to fill the spaces between large wheat particles and enhance wheat 

ρ during this phase. 



82 

 

(a) 

 

(b) 

Figures 4.39a and b. The wheat packing density ρ vs the vibration amplitude A and the normal 

stress σ 

Meanwhile, the "arch" and "bridge" configurations formed by the particles may undergo gradual 

breakage, leading to the development of a more stable structure, resulting in the highest packing 
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density of wheat. Similar trends can be observed in Figure 4.39, where an increase in vibration 

amplitude corresponds to achieving the densest packing structure. This finding is consistent with 

previous research that reported a similar outcome of high packing density with the combination of 

high vibration amplitude and low frequency (Zhao et al., 2019). This vibration amplitude and 

frequency effect has also been seen in other vibrated packing systems (Milewskl, 1978; Zhang et 

al., 2006; Li et al., 2011; An et al., 2015, 2016). Figure 4.40 further demonstrates the effect of 

normal stress on wheat packing density under the influence of vibration amplitude. The correlation 

pattern between vibration amplitude and packing density remains consistent for the loaded test, 

where higher normal stress results in sharper function lines. In contrast, the freeload test exhibits 

greater entropy due to the uncertain movement of particles, resulting in a deviation from the pattern 

of function lines observed in the loaded test, which is attributed to the absence of external normal 

stress. Furthermore, the loaded test shows a similar pattern of function lines due to the partial 

restriction of particle movement in the vertical direction due to the external normal stress. 

 

Figure 4.40. Wheat packing density ρ vs the vibration amplitude A 

Another observed phenomenon is the increase in wheat packing density in response to the 

incremental application of external normal stress and amplitude until it remains constant. For 

instance, in tests conducted at 13.3 kPa, 22.9 kPa, and 42.3 kPa compared to the freeload test, the 

average wheat packing density increased by 3.1% for the 13.3 kPa test, 5.1% for the 22.9 kPa test, 

and 5.6% for the 42.3 kPa test. However, beyond a certain threshold, even with a doubling of the 

normal stress, the wheat packing density did not significantly increase, explaining the loss of the 

linearity behaviour of the function parameters as illustrated in Figures 4.39a and 4.40. The 

rearrangement of particles can explain this phenomenon by filling the voids between particles due 

to the presence of the vibration and increasing normal stress. Once the voids reach a minimum, no 

further increase in wheat packing density can be achieved, and the particles carry the excessive 

normal stress by themselves, resulting in compression of the wheat particles rather than 

rearrangement. Consequently, an exponential model was generated to describe the observed 

results, represented by Equation 4.6, which best fits the experimental data. 
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𝜌(A) = 𝑐51 (1 − ⅇ(−𝐴 𝑐52)) + 𝜌𝑖 (4.6) 

The amplitude-varying final packing density of wheat is denoted as 𝜌(A) [-], the initial wheat 

packing density is denoted by 𝜌𝑖 [-], the function of the applied vibration amplitude A [mm], and 

influenced by two parameters c51 [-], c52 [mm-1], which describes the relationship between the 

vibration amplitude and the exponential model, as illustrated in Figure 4.41 and Table 4.9.  

  

Figure 4.41. The exponential model obtained parameters. 

 Table 4.9. shows the parameters of the fitted exponential model. 

Load 

Constants 

Correlation R² 

c51 c52 𝝆𝒊 

0 kPa 0.0411 0.1404 mm-1 0.6110 0.9 

13.3 kPa 0.0287 0.4434 mm-1 0.6291 0.98 

22.9 kPa 0.0249 1.5039 mm-1 0.6406 0. 9 

43.3 kPa 0.0278 1.1220 mm-1 0.6458 0.9 
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In Figure 4.40, the value of R2 = 0.9 represents the coefficient of determination, which assesses 

the goodness of fit of the regression model to the data points. An R2 value of 0.9 suggests that the 

regression model can explain approximately 90% of the variability observed in the data. Generally, 

an R2 value closer to 1 indicates a stronger fit of the model to the data, implying that the model 

effectively captures the variability in the data points. In this case, an R2 value of 0.9 is considered 

high and indicative of a good fit of the regression model to the data. 

Figure 4.41 illustrates the variation of the exponential model's parameters (c51, c52) concerning the 

external stress (σ). These parameters exhibit linear behaviour up to the stress limit of 23 kPa, 

beyond which nonlinearity becomes apparent. The values of these parameters are directly 

influenced by internal factors, such as particle micro-mechanical properties, shape, and size, and 

external factors, including σ and A. It can be inferred that varied materials have specific limitations 

in transitioning these parameters from linear to nonlinear behaviour. However, further experiments 

are needed to validate this conclusion. The physical interpretation of these parameters relates to 

the impact of σ on the curvature sharpness of the wheat ρ function lines. Precisely, decreases in c51 

and increases in c52 under the influence of σ result in sharper exponential function curves, 

indicating higher wheat ρ values for the loaded tests than the freeloaded tests despite applying the 

same amplitude value. 

4.8.3 Modell uncertainties and sensitivity 

In light of the presented information, uncertainty analysis plays a pivotal role in comprehending 

the accuracy and reliability of the data obtained in our wheat packing density study. Using various 

analytical techniques, such as the Grubbs test, we identified and eliminated outliers from the 

dataset, thus ensuring the utmost precision in our results. As depicted in Figure 4.42, the 

uncertainty of wheat packing density is illustrated for different applications of normal stress with 

the applied amplitude, and the highlighted area within the fitted line represents the corrected 

standard deviation for the collected data. It is noteworthy that sensitivity analysis is also paramount 

in assessing the influence of diverse parameters on the obtained outcomes. By conducting a 

comprehensive uncertainty and sensitivity analysis, we can establish the robustness and reliability 

of our findings, thereby providing valuable insights for future research and practical applications 

in this field. The subsequent figures display the uncertainty of wheat packing density ρ versus the 

vibration amplitude A for various scenarios, including the freeload test, 13.3kPa, 22.9kPa, and 

42.3kPa (Figures 4.42 a, b, c, d, respectively).  
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(a)                                                                              (b) 

 

(c)                                                                                   (d) 

Figure 4.42. The uncertainty of wheat packing density ρ vs the vibration amplitude A for four 

different normal stresses 

In our investigation of wheat packing density, we employed a sensitivity analysis using the Morris 

method, which involves systematically varying the model's input parameters within predefined 

ranges and observing the resulting output. The Morris indices were calculated to quantify the 

sensitivity of the model output to each input parameter, and these indices were ranked to determine 

their relative importance (ρi: 40.47%, A: 31.52%, c52: 15.60%, c51: 12.40%). As represented by 

Equation 4.6, the model can be divided into two sections. The initial term in the model, c51 * (1 - 

exp (-A * c52)), is susceptible to amplitude A, which exhibits a wide range of values (0 to 6.7 mm). 

However, the parameters c52 (ranging from 0.123 to 1.33) and c51 (ranging from 0.027 to 0.0448), 

with their narrower ranges, have a lesser effect on the outcome. The second section pertains to the 

input parameter ρi (ranging from 0.61 to 0.645), which establishes the baseline value for the model 

and exhibits the highest sensitivity among all input parameters, as supported by Figure 4.43. The 

sensitivity analysis used the Morris method Python code for 10,000 iterations to ensure robust 

analysis. These insights provide a valuable understanding of the factors influencing wheat packing 

density and can be used to optimise the packing process. The Morris method-based sensitivity 

analysis facilitates informed decision-making and recommendations for further research in this 

field. 
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Figure 4.43. The sensitivity order of the input parameters. 

5 CONCLUSION AND RECOMMENDATIONS 

5.1 Decoding Granular Material Behaviour: Particle Shape and Mechanical Insights 

In our exploration of granular material behaviour, the influence of particle shape, characterised by 

the Sphericity Index (SPH), Aspect Ratio (AR), Size Index (SI), and Triple Particle Size Index 

(TPSI), profoundly shapes mechanical responses. This study delves into how these shape factors 

affect mechanical aspects, including shear stress, volumetric strain, average contact numbers, 

contact force chains, shear zones, and particle rotation. By understanding these relationships, we 

illuminate the complex interplay between particle geometry, stress, and various mechanical 

behaviours in granular materials. 

This study investigated the influence of various particle indices on the mechanical behaviour of 

granular materials, focusing on particle shape's crucial role in shaping their response. The 

sphericity index (SPH) proved a significant factor, with lower values leading to enhanced 

interlocking and increased shear strength. This effect was further amplified by higher normal 

stresses, highlighting the importance of particle shape under these conditions. An exponential 

model based on the aspect ratio (AR) effectively captured this non-linear relationship, 

demonstrating its potential for predicting shear behaviour. The size index (SI) and triple particle 

size index (TPSI) also positively correlated with internal friction angle and shear strength. Larger 

particles, with increased contact points and effective stress transfer area, displayed superior 

resistance to deformation and displacement, contributing to their more substantial shear 

characteristics. These findings underscore the significant impact of particle indices, particularly 
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shape, on the mechanical behaviour of granular materials. They provide valuable insights for 

researchers and engineers working with these materials in various applications. 

This study delved further into the influence of particle indices on granular materials, focusing on 

their impact on volumetric strain. The sphericity index (SPH) played a key role, with lower values 

leading to increased dilatancy, particularly under higher normal stresses. Suggests a strong 

correlation between particle shape and dilation behaviour under varying loading conditions. 

Assemblies with more elongated particles exhibited significantly higher dilation compared to 

spherical ones. Similarly, the size index (SI) and triple particle size index (TPSI) displayed positive 

correlations with dilation, indicating that larger particles generally experienced more significant 

volume expansion. Higher TPSI values further amplified this effect, highlighting the combined 

influence of particle size and shape on volumetric response. 

Interestingly, normal stress consistently exhibited an inverse relationship with dilation, with higher 

stress leading to lower volume expansion across all particle index variations. These findings unveil 

the complex interplay between particle indices, normal stress, and volumetric strain, providing 

valuable insights into the behaviour of granular materials under various loading conditions. They 

can inform researchers and engineers working with these materials in applications requiring 

control over deformation and volume change. 

This study further examined the impact of particle indices on the mechanical behaviour of granular 

materials, specifically focusing on their influence on average contact numbers (CN). The 

sphericity index (SPH) exhibited a clear inverse relationship with CN, with lower SPH leading to 

increased contact numbers. This finding aligns with previous research on elliptical particles and 

highlights the intricate interplay between particle shape and contact formation. Interestingly, both 

size index (SI) and triple particle size index (TPSI) did not significantly impact CN, suggesting 

that particle size variations primarily affect shape features rather than inherent sphericity. This 

observation contributes to understanding the stability of particle connections within the assembly. 

Nevertheless, high stress consistently increased CN for all indices, emphasising its role in 

promoting contact points. These findings reveal the complex interplay between particle shape, 

size, and stress in shaping contact number characteristics. Understanding these interactions is 

crucial for predicting the behaviour of granular materials in various applications, such as powder 

flow and soil mechanics, where contact formation plays a critical role in material properties and 

performance. 

This study delved deeper into the influence of particle indices on the dynamics of contact force 

chains in granular materials under shear stress. The sphericity index (SPH) played a crucial role, 

with lower SPH values leading to stronger contact forces and a more robust network. Aligns with 

the observed concentration of forces near the shear zone in these samples, facilitating effective 

load transmission. Interestingly, lower SPH values exhibited higher shear forces due to the 

formation of distinct shear bands, suggesting alternative force transmission mechanisms. The size 

index (SI) also significantly impacted contact forces. Larger particles (higher SI) exhibited 

enhanced interlocking and stronger force chains, leading to greater shear strength and stability. 

These samples' increased contact area and efficient force transmission were attributed to them. 

Similarly, the triple particle size index (TPSI) positively correlated with force chain strength and 

stability. Higher TPSI values resulted in rougher interlocking, contributing to stronger force chains 

and influencing shear band formation. These findings highlight the complex interplay between 

particle shape, size, and contact force chain dynamics under shear stress. Understanding these 

interactions is essential for predicting and controlling the behaviour of granular materials in 

various applications, such as soil mechanics and powder flow, where force chains play a critical 

role in material properties and performance. 

This study further explored the impact of particle indices on the formation and characteristics of 

shear zones in granular materials under shear stress. The sphericity index (SPH) played a 
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significant role, with lower SPH values (non-rounded particles) leading to decreased average 

particle rotation and thinner shear bands. It suggests a link between particle shape and shear zone 

localisation, with stronger interlocking and less rotation, facilitating efficient load transfer in less-

rounded materials. Notably, a reduction in average rotation coincided with increased shear 

strength, highlighting the influence of particle shape on mechanical behaviour. The size index (SI) 

also exhibited an apparent effect, with larger particles (higher SI) exhibiting reduced average 

rotation and wider shear bands. They are attributed to the increased contact area and interlocking 

in larger particles, promoting more efficient stress transfer and stabilisation of the shear zone. 

Similarly, the triple particle size index (TPSI) positively correlated with reduced particle rotation 

and wider shear bands.  Again, this suggests a link between particle size and shear zone formation, 

with larger size distributions influencing interlocking and load transfer within the shear zone. 

These findings demonstrate the complex interplay between particle shape, size, and shear zone 

dynamics, highlighting the importance of considering these factors when predicting and 

controlling the behaviour of granular materials in various applications. Understanding these 

interactions is crucial for optimising soil mechanics, powder flow, and geotechnical engineering 

performance, where shear zone behaviour significantly impacts material properties and stability. 

This comprehensive study unravels the multifaceted relationship between particle shape, 

interlocking dynamics, and external stress in granular materials. These findings deepen our 

understanding of granular material behaviour and offer invaluable knowledge applicable to various 

fields, guiding more efficient and informed practices in fields ranging from construction to 

agriculture. 

5.2 Dynamic Insights into Wheat Packing: Stress, Vibration, and Optimization 

This study investigated the influence of vibration parameters (amplitude and duration) and normal 

stress on the packing density of wheat grains. The findings revealed a crucial interplay between 

these factors. 

Vibration duration had a significant impact, with packing density reaching near completion within 

3 seconds for freeloaded tests and 2 seconds for loaded tests. An exponential model effectively 

captured this time-dependent behaviour. 

Vibration amplitude also played a key role, with higher amplitudes leading to denser packing. It 

was attributed to the gradual densification of loose structures and improved particle rearrangement. 

However, a threshold effect was observed, with loaded tests requiring lower amplitudes to achieve 

maximum packing density. 

Normal stress further influenced packing density, increasing stress and leading to higher densities 

until a limiting value was reached. The filling of voids between particles and the compression limit 

of individual grains explained this phenomenon. 

The exponential model effectively described the relationship between vibration amplitude, normal 

stress, and final packing density. The model parameters (c51 and c52) exhibited a linear relationship 

with stress up to a specific threshold, suggesting material-specific limitations in their behaviour. 

These findings provide valuable insights into the packing behaviour of granular materials under 

vibration and stress. They have potential applications in various fields, such as agricultural 

engineering, food processing, and pharmaceutical manufacturing, where optimising packing 

density is crucial for product quality and storage efficiency. 

Moreover, our study incorporated uncertainty and sensitivity analyses, which are essential for 

ensuring the robustness and reliability of our findings. Utilising techniques such as the Grubbs 

test, outliers were identified and eliminated, enhancing the precision of our results. The sensitivity 

analysis, employing the Morris method, revealed the varying impacts of input parameters on wheat 

packing density. Notably, the initial term of the model, primarily influenced by vibration 
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amplitude, played a pivotal role, while the baseline value (ρi) exhibited the highest sensitivity value 

among the input parameters. These findings contribute to a nuanced understanding of wheat 

packing density and provide crucial information for optimising the packing process in agricultural 

and industrial applications. 

This comprehensive exploration illuminates the intricate behaviours of wheat particles under 

external loads and lays the foundation for informed decision-making in agricultural practices and 

industrial applications. By elucidating the combined effects of everyday stress and mechanical 

vibration on wheat packing density, this study opens avenues for further research and practical 

implementations, ensuring the efficient handling and processing of granular materials in diverse 

fields. 

5.3 Recommendations 

Our research has revealed valuable insights into the particles' behaviour under varying stress 

conditions and the influence of particle shape indexes. Regarding the wheat packing density, 

critical parameters like c51 and c52 transition from linear to nonlinear behaviour beyond a stress 

limit of 23 kPa. We propose several recommendations for future research to enhance our 

understanding and effectively apply these findings. 

To begin with, we encourage researchers to delve deeper into the effects of particle shape under 

dynamic stress scenarios. Granular materials' behaviour under changing, real-world stress 

conditions will provide a more comprehensive understanding of their response to external forces. 

Furthermore, considering the multifaceted nature of particle geometry, additional research should 

focus on the influence of unexplored shape indexes and morphological parameters. A 

comprehensive evaluation of these factors will enrich our knowledge of how particle shape 

impacts material behaviour. 

Moreover, it is crucial to investigate the impact of particle shape in diverse environmental 

conditions. The behaviour of granular materials may vary significantly under conditions like 

elevated temperatures, varying moisture levels, or particle crushing factors. Understanding these 

variations is essential, mainly when designing structures or systems exposed to such environmental 

factors. 

Finally, while our research points to the nonlinear transition in c51 and c52 parameters, further 

experiments are vital to validate this conclusion. These experiments can help confirm the specific 

limitations of varied materials in transitioning from linear to nonlinear behaviour, contributing to 

a deeper understanding of granular material mechanics. 

By following these recommendations, researchers can build upon our findings and advance the 

field's knowledge. They lead to more accurate predictions and practical applications of granular 

materials in various industries, from construction to geotechnical engineering. 

6 NEW SCIENTIFIC RESULTS 

1. This study has established a novel correlation between vibration amplitude (A) and wheat 

packing density (ρ). The findings demonstrate that vibration amplitude significantly 

determines wheat packing density, with higher A values leading to higher ρ values. This 

relationship is captured by an exponential model, as expressed in the following equation: 

𝜌(A) = 𝑐51 (1 − ⅇ(−𝐴 𝑐52)) + 𝜌𝑖 

This model was validated for vibration amplitudes ranging from 0 to 6.7 mm and normal 

stresses ranging from 0 to 42.3 kPa. The model's ability to accurately predict wheat packing 

density across various conditions is valuable for optimising packing processes in multiple 

applications. 
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2.  This study has established a novel correlation between the sphericity index (SPH) and 

shear stress behaviour in granular materials, focusing on particle shape influence. Among 

the three shape indexes investigated – sphericity particle shape index (SPH), size index 

(SI), and triple particle size index (TPSI) – SPH emerged as the most influential factor, 

directly impacting the interlocking between particles. Decreasing SPH from 100% to 81% 

resulted in a substantial 80% enhancement in shear strength, surpassing the contributions 

of SI and TPSI. The findings demonstrate that the sphericity index plays a significant role 

in determining shear stress, with lower SPH values leading to higher shear stress values 

due to increased particle interlocking. This relationship is captured by an exponential 

model, as expressed in the following equation: 

𝑇𝐴𝑅 = 𝑐12 𝑁 ⅇ(−𝐴𝑅 𝑐11) 

This model exhibits an impressive R-squared value of 0.96, confirming its remarkable 

ability to predict shear load under varying normal load conditions. The findings highlight 

the importance of particle shape in influencing the shear stress behaviour of granular 

materials, providing valuable insights for designing and optimising granular structures and 

processes. 

3. This study has uncovered an inverse correlation between sphericity index (SPH) and 

volumetric strain in granular materials. The findings indicate that volumetric strain 

increases as SPH values decrease, suggesting that less spherical particles tend to exhibit 

more significant dilation. The following equation accurately describes this nonlinear 

relationship: 

𝑉𝑆𝑃𝐻 = 𝑐31 𝑆𝑃𝐻2 +  𝑐32 𝑆𝑃𝐻 + 𝑐33 

This equation provides a valuable tool for predicting volumetric strain in granular systems 

with varying sphericity. The inverse correlation between SPH and V has essential 

implications for understanding the behaviour of granular materials in various applications, 

such as soil mechanics, civil engineering, and food processing. 

4. This study uncovers a significant correlation between the size index (SI) and the shear 

stress behaviour of granular materials. The findings reveal a positive linear relationship 

between SI and shear stress, as evidenced by the high R-squared value. Indicates that a 

corresponding rise in shear stress accompanies increased SI. This correlation is well-

described by linear regression equations, as expressed in the following equation: 

𝑇𝑆𝐼 = 𝑆𝐼 𝑐21 + 𝑁 𝑐22  

This finding highlights the importance of SI in influencing the shear stress behaviour of 

granular materials. It suggests that the size distribution of particles plays a crucial role in 

determining their resistance to shearing loads. This understanding is essential for designing 

and optimising granular structures and processes, such as packing, compaction, and 

filtration. 

5. This study has unveiled a significant impact of size index (SI) on the volumetric strain 

behaviour of granular materials. The findings reveal a positive linear correlation between 

SI and volumetric strain, indicating that an increase in SI leads to an increase in volumetric 

strain. The following equation captures this relationship: 

𝑉𝑆𝐼 =  𝑐41 𝑆𝐼 + 𝑐42 

This correlation holds for a wide range of SI values, as evidenced by the regression model's 

high R-squared value. This finding is significant because it can provide insights into the 

behaviour of granular materials under varying conditions. 

6. This study has identified a critical threshold for vibration amplitude (A) and external 

normal stress (σ) that maximises wheat packing density (ρ), as shown in Figure 4.40. 

Beyond this threshold, further vibration amplitude or normal stress increases do not 

significantly enhance packing density. Once voids between particles are fully occupied due 

to rearrangement induced by vibration and increasing normal stress, additional stress 

primarily leads to compression rather than rearrangement, resulting in a plateauing of 

packing density. Moreover, an intriguing threshold effect of vibration amplitude (A) on 
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wheat packing density (ρ) under different loading conditions has been revealed. Freeload 

tests demonstrated that the influence of vibration amplitude was only observed once it 

exceeded a specific threshold value. In contrast, loaded tests showed that even small 

vibration amplitudes (A) significantly impacted wheat packing density (ρ), as illustrated in 

Figure 4.38. This observation underscores the complex interplay between vibration 

amplitude, external normal stress, and wheat packing density, highlighting the critical 

thresholds that govern the densification process in granular materials. 

7. This study has uncovered a novel finding regarding the effect of external normal stress (σ) 

on stabilising wheat packing density (ρ). The results demonstrate that external normal 

stress expedites the process of ρ reaching a stable value. This acceleration is attributed to 

the enhanced particle rearrangement facilitated by the applied normal stress. Within the 

experimental timeframe, the loaded test, subjected to external normal stress, reached the 

final stable ρ significantly faster (2 s) than the freeloading test (3 s), which operated without 

external normal stress. This observation underscores the significant role of external normal 

stress in accelerating the packing densification process and highlights its potential for 

enhancing the efficiency of wheat storage and handling operations. 

8. This study has unveiled a notable non-linear pattern in the exponential model parameters 

(c51, c52, ρi) governing the relationship between vibration amplitude (A) and wheat packing 

density (ρ) across varying normal stresses (σ). The investigation reveals that the linear 

trend of these parameters ceases beyond a stress threshold of 23 kPa. This deviation from 

linearity is ascribed to internal and external factors impacting the parameters' values. 

Internal factors encompass the mechanical and physical properties of the wheat particles 

themselves, while external factors include normal stress and vibration amplitude. As 

depicted in Figures 4.38 and 4.40, the packing density nearly reaches its final value at the 

23 kPa limit. Therefore, further increases in normal stress have diminishing effects on 

packing density, even with a doubling of the normal stress, elucidating the non-linear 

behaviour observed. This non-linearity manifests in the function lines curvature sharpness 

of the wheat packing density, as demonstrated in Figure 4.40. Higher σ values yield sharper 

curves, indicating higher wheat ρ values for loaded tests than freeloading tests despite 

applying the same amplitude value. This non-linear trend underscores the intricate 

relationship between vibration amplitude, normal stress, and wheat packing density. 

7 SUMMARY  

This study delves into the intricate dynamics of particle behaviour in granular materials, focusing 

on critical parameters such as sphericity index, particle size, and mechanical vibrations. The 

investigation aimed to comprehensively understand these factors' influences, thereby optimising 

industrial processes and achieving optimal packing density. The research begins by providing an 

insightful introduction, highlighting the importance of granular materials in various industrial 

applications. It delineates the scope of the study, emphasising the criticality of understanding the 

mechanical behaviour of particles for practical applications. 

Moving into the literature review, a thorough exploration of existing knowledge illuminates the 

gaps in understanding, emphasising the need for detailed research in areas such as particle 

interlocking, shape indexes, and the impact of external loads. This review contextualises the 

current study and underlines the significance of the research objectives in advancing the field's 

knowledge. 

The core of the study lies in its meticulous experiments and analyses. This study investigates the 

influence of particle sphericity index SPH and double particle size index SI on granular material 

behaviour, and the research provides novel insights into the Simple Shear Test (SST) outcomes. 

The triple particle size index TPSI examination further enriches this understanding, contributing 

valuable data to the field's body of knowledge. Additionally, this study ventures into the synergistic 
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impact of mechanical vibration and normal stress on wheat particles' packing density. The results 

highlight the delicate balance between these loads, demonstrating the intricate relationship 

between vibration amplitude, normal stress, and wheat packing density. Notably, an exponential 

model accurately captures these complex relationships, shedding light on the behaviour of wheat 

particles under external loads. 

In the conclusion and recommendations section, the study synthesises its findings. It underscores 

the significance of both vibration amplitude and normal stress in influencing wheat packing 

density, revealing patterns that contribute substantially to the field's understanding. Incorporating 

uncertainty and sensitivity analyses ensures the robustness of the results, providing a 

methodological foundation for future research endeavours. The study concludes by emphasising 

the practical implications of these findings, envisioning optimised agricultural practices and 

enhanced industrial processes. It opens avenues for further research, underlining the potential for 

efficient handling and processing of granular materials across diverse applications. 

This research illuminates the nuanced behaviours of granular materials under external loads, 

offering scientific insights and practical solutions. Its multidimensional approach, encompassing 

experimental precision, rigorous analyses, and practical implications, marks a significant 

contribution to the field, paving the way for innovative applications and informed decision-making 

in industries reliant on granular materials. 
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